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Traditionally, progressive damage in composites is mostly modeled using the 
material property degradation method (MPDM), which assumes that damaged 
material can be replaced with an equivalent material with degraded properties. 
Unfortunately, MPDM often employs rather restrictive degradation schemes, which 
in some cases, leads to computational problems. In this thesis, a new Element-
failure method (EFM) is proposed for the finite element modeling of damage in 
composites under quasi-static load. It is based on the idea that the nodal forces of an 
element of a damaged composite material can be modified to reflect the general state 
of damage and loading. Because the material properties of the element are not 
modified, there is no ill-conditioning of stiffness matrix in EFM and convergence to 
a solution is always assured. There is also no need to reformulate the global stiffness 
matrix during the damage progression process, resulting in savings in computational 
effort. 
 
The EFM is used with a micromechanics-based strain-invariant failure theory (SIFT) 
for the first time to predict the initiation and progression of in composite laminate 
under quasi-static load. A two dimensional finite element code is developed for that 
purpose. When applied to the problem of a composite laminate under a quasi-static 
three-point bend load, the predicted damage pattern obtained from the use of the 
EFM with SIFT is found to be in good agreement with experimental observations. 
Parametric studies on SIFT also shows the damage prediction by SIFT to be robust 
within ±  18% of the critical SIFT strain invariant values, with the changes in the 
 vi 
damage pattern being the most significant when CritJ1  is increased by 19%, while 
f
vmCrit  is least sensitive. 
 
Using SIFT as the common failure criterion, the results obtained with the EFM are 
compared with those generated by the traditional MPDM. It was observed that the 
damage pattern generated from the use of the EFM with SIFT correlate well with 
experimental observations while those generated from the use of the MPDM with 
SIFT correlate poorly. Thus, for the three-point bend problem studied herein, the use 
of the EFM with SIFT is found to be a more suitable combination for mapping 
damage initiation and propagation in composite laminates. Finite element 
formulations of the EFM and the MPDM further reveal the EFM to be a more 
general and versatile method than the MPDM for accounting local damage in 
composite laminates. This is because the EFM can be reformulated to produce the 
results by MPDM whereas the converse is not true in general. 
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Composite materials are now widely used in a variety of components for automotive, 
aerospace, marine, defense, petrol-chemical and architectural structures. Especially 
in aerospace industries, the use of composite materials has improved the 
performance of aircraft because of their higher strength-to-weight and higher 
stiffness-to-weight ratios compared to other classes of engineering materials.  
 
However, laminated composite structures may develop local failure modes such as 
matrix cracks, fiber breakage, fiber/matrix debonds and delaminations (Figure 1-1), 
all of which have strong interactions with one another. The failure mechanisms 
involve different length scales [Ochoa and Reddy, 1992]: at the micro level, the 
focus is on failure of matrix, fiber and fiber/matrix interface; at the macro level, the 
focus is on the laminae such as delamination between the layers of the laminate. 
These failure modes cause a permanent loss in structural integrity within the 
laminate and result in a loss of strength and stiffness of the composite material. 
Hence, accurate determination of failure modes and their progression while the 
composite structure is loaded is essential for assessing the performance of the 
composite structures and for designing them safely.  
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Progressive failure analysis of composite structures is usually performed to 
understand the initiation and progression of damage in the composite structures 
subjected to either single or multiple loading conditions [Petit and Waddoups, 1969; 
Chang and Chang, 1987b; Tan, 1991; Reddy et al., 1995; Lessard and Shokrieh, 
1995]. A typical progressive failure analysis comprises the following three steps: 
stress analysis, failure analysis and the use of a stiffness-reduction technique. The 
stress analysis studies the response of a material due to prescribed loading and 
boundary condition and computes the stress and strain distributions within the 
Matrix 
(d) Delamination 
(a) Matrix cracking (b) Fiber fracture (c) Fiber/matrix debonding 
Fiber 
Figure 1-1: Damage modes in fibrous composites at different length scales 
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material. Failure analysis involves assessing one or more failure models to 
determine whether a strength allowable as in the Maximum Stress Criterion [Jenkins, 
1920], strain allowable as in the Maximum Strain Criterion [Waddoups, 1967] or 
some interacting stress-based failure criteria [Tsai and Wu, 1971; Hashin, 1980; Tan, 
1991] has been exceeded, thereby denoting the failure at that material point. When 
damage is detected in a finite element, a stiffness-reduction technique is applied to 
simulate a loss in the load-carrying capability of that element. 
 
 
1.1. Review of the Finite Element Modeling of Damage 
 
Considerable research has been performed on the use of progressive failure models 
to understand the failure behavior of composite laminates subjected to in-plane 
loading conditions such as tension, compression and shear. Usually, these models 
use the finite element method (FEM) to perform the stress analysis for problems of 
composite laminates under quasi-static loading [Tan, 1994; Reddy et al., 1995; 
Lessard and Shokrieh, 1995; Sandhu et al., 1982; Camanho and Matthews, 1999; 
Tserpes et al., 2002; Sleight et al., 1997; Knight et al., 2002; Ambur et al., 2004a 
and 2004b]. Analytical methods are seldom preferred to solve the stress analysis 
because the failure mechanisms of composites are usually so complicated that 
analytical methods are impractical. Furthermore, progressive failure analysis of 
laminated composites entails some three-dimensional stresses and effects along free-
edges and along delamination fronts in multidirectional laminates. Such problems 
require tremendous amount of computational effort. Therefore, this research project 
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will only focus on the use of the finite element method for the modeling of damage 
progression in composites. 
 
A two-dimensional (2-D) finite element (FE) method based on the Classical 
Laminate Plate Theory (CLPT) was used by Sandhu et al. [1982] to model the 
failure behavior of composite laminates. Following the approach similar to Petit and 
Waddoups [1969], experiments were first performed to obtain the stress-strain 
curves of unidirectional composite specimens under in-plane loads. These curves 
were later represented as piecewise continuous cubic spline interpolation functions 
for the finite element analysis. A total strain energy failure criterion was developed 
by Sandhu et al. [1982] to determine lamina failure and the ply-discount method 
[Tsai and Azzi, 1966] was used for stiffness-reduction of the damaged lamina. 
 
Another use of 2-D finite element method based on the Classical Laminate Plate 
Theory (CPLT) was also reported in the works of Chang et al. [Chang et al., 1984; 
Chang and Chang, 1987b]. They performed progressive failure analysis of notched 
composite laminates in tension and compression. A non-linear stress-strain relation 
proposed by Hahn and Tsai [1973] was used for in-plane shear. The resulting non-
linear finite element equations were solved by the modified Netwon-Raphson 
iterative technique.  
 
A 2-D FE code was also developed by Averill and Reddy [1992] to study failure 
behavior of laminated shell structures. A third-order expansion of displacement 
through the thickness of the shell laminate was assumed for the finite element 
method. A micromechanical elasticity solution for predicting the failure and 
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effective composite properties was used. Another 2-D FE-based progressive failure 
model for the study of composite plate was found in the work of Tolson and Zabaras 
[1991]. In their FE formulations, a seven degree-of-freedom (DOF) plate element 
based on a higher order shear deformation plate theory was used, where the seven 
DOF consist of three displacements, two rotations of normals about the plane 
midplane and two rotations of the normals to the datum surfaces.  
 
A full three-dimensional (3-D) finite element method was used by Lee [1980] to 
perform stress analysis for a biaxially loaded composite laminates with a central 
hole. He later developed a 3-D FE code [Lee, 1982] to analyze damage accumulation 
and progressive failure for the same problem. Stiffness-reduction was carried out at 
the element level and a stress-based failure criterion was used to identify three 
modes of failure: fiber breakage, transverse matrix cracking and delamination. 
However, it was observed that his code has never detected any delamination. 
According to investigations of free-edge effects in composite laminates [Spilker and 
Chou, 1980 and Atlus et al., 1980], delamination should happen because both the 
normal and shear stresses between two composite layers have singularities near the 
free edge. Lee attributed the reason to the coarseness of the FE mesh near the edge 
of the hole. Unfortunately, further refinement of the FE mesh to the required level at 
that stage is impossible at his time (i.e. year 1982) as the amount of computational 
resources required is unavailable. An incremental formulation for stiffness matrix is 
later proposed by Hwang and Sun [1989] to improve computational efficiency of 3-
D progressive failure analysis.  
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Other progressive failure models using the finite element method were developed to 
study the failure behavior of composite laminates containing stress concentrations 
such as open-holes [Chang and Chang, 1987b; Chang and Lessard, 1991; Tan, 
1991] and bolted joints [Lessard and Shokrieh, 1995; Hung and Chang, 1996; 
Tserpes et al., 2002; Camanho and Matthews, 1999; Shokrieh and Lessard, 2000a]. 
Despite the progress made in the application of these progressive damage models, 
many issues regarding the choice of the damage-modeling technique and failure 




1.2. Review of Failure Criteria of Laminated Composites 
 
With the wide use of laminated composite materials in structural design, it is 
important to understand the conditions under which the composite structure fails. 
The initial failure of a ply in laminated composite, also known as first-ply failure, 
can be predicted by applying an appropriate failure criterion [Reddy and Pandey, 
1987; Turvey and Osman, 1989; Reddy and Reddy, 1992]. The subsequent failure 
prediction requires an understanding of damage modes and damage accumulation 
and their effect on the mechanical behavior. Many such failure criteria have been 
proposed to predict the onset of failures and their progression [Petit and Waddoups, 
1969; Tsai, 1984; Hashin, 1980, Hinton et al., 1998, 2002a and 2002b, 2004a and 
2004b; Hinton and Soden, 1998; Soden et al., 1998a and 1998b; Rousseau, 2003; 
Kaddour et al., 2004].  
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One of the earliest and most widely used failure criteria is the Maximum Stress 
Criterion [Jenkins, 1920] for orthotropic materials. It is an extension of the 
Maximum Normal Stress Theory (or Rankine’s Theory) for isotropic materials and 
failure is assumed to occur when any one of the stress components along the 
principal material axes reaches, or is greater than, its individual strength value. An 
alternative is the Maximum Strain Criterion [Waddoups, 1967] for orthotropic 
materials where the failure conditions are based on strain components instead. 
However, these two criteria fail to represent interactions of different stress or strain 
components in failure mechanisms. Despite these shortcomings, these two criteria 
are still being used as they are simple and easy to apply [Hart-Smith, 1998a and 
1998b].  
 
Polynomial failure criteria similar to the von Mises criterion were proposed to 
account for the interaction of stress or strain components. Hill [1948] proposed an 
extension of the von Mises yield criterion for isotropic materials [Chen and Han, 
1988] to anisotropic plastic materials with equal strengths in tension and 
compression. Tsai [1968] extended Hill’s criterion to orthotropic fibrous composites 
by relating some coefficients of Hill’s polynomial failure criterion to the 
longitudinal, transverse and shear failure strengths of composites. The latter was 
generally referred as Tsai-Hill criterion. Hill’s criterion was also generalized by 
Hoffman [1967] to account for different tensile and compressive strengths of 
composites. 
 
An assumption of the above-mentioned failure criteria is that hydrostatic stresses do 
not contribute to failure. Terms other than the deviatoric components are included by 
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Tsai and Wu [1971]. By simplifying a tensor polynomial failure theory for 
anisotropic materials suggested by Gol’denblat and Kopnov [1965], Tsai and Wu 
developed a general form of quadratic failure criterion to represent failure of any 
anisotropic material. It was observed that Hill’s criterion, Hoffman’s criterion and 
maximum stress (strain) criterion are degenerate cases of the more general Tsai-Wu 
failure theory.   
 
Micromechanical-based failure criteria were also developed to account for specific 
modes of failure at the micro-scale. Matrix and fiber failure of composites were 
accounted through the use of a separate failure criterion [Hashin and Rotem, 1973; 
Rotem and Hashin, 1975; Hahin, 1980; Hashin, 1983; Rotem, 1998]. Subsequent 
failure criteria by Shahid and Chang [1993b, 1995] based on Hashin’s criteria, 
consider three modes of micro failure: matrix failure, fiber breakage and fiber-
matrix shear-out. Phenomenological-based failure criteria were developed by Puck 
et al [Puck and Schneider, 1969; Puck and Schürmann; 1998 and 2002] and applied 
to fracture analysis of composite laminates to distinguish between fiber failure and 
inter-fiber failure.  
  
Apart from the use of stress components to predict failure in composites, other 
failure criteria report the use of dissipated energy [Huang et al, 2003], strain energy 
[Sandhu, 1974; Wolfe and Butalia, 1998; Butalia and Wolfe, 2002] or the use of 
strains [Christensen, 1988; Feng, 1991; Gosse et al., 2001 and 2002]. Christensen 
[1988] developed a three-dimensional failure criterion from the consideration of 
tensor transformation of strains while Feng [1991] developed a three-dimensional 
failure criterion in terms of strain invariants.  
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Gosse [Gosse, 2002; Gosse et al., 2001, 2002, submitted for publication] developed 
a micromechanistic strain-based failure criterion that predicts constituent-level 
damage in composite. Also known as the Strain Invariant Failure Theory (SIFT), 
failure modes of composites are associated with three strain invariants and thermal 
residual stresses and microstructural geometric effects are accounted for. A 
simplified form of SIFT (whereby only the first strain invariant is used to predict 
failure) was applied by Li et al. [2002, 2003] to successfully predict matrix-
dominated failure in I-beams, curved beams and T-cleats. As the results from the use 
of SIFT are promising, SIFT is adopted in this thesis to predict damage in 
composites materials.  
 
 
1.3. Review of Damage-modeling Techniques of Laminated Composites 
 
In the event of damage, the effect of damage on the load-carrying capability of the 
material is described by the use of a suitable damage-modeling technique. Two 
approaches are commonly adopted in the modeling of damage in composite 
laminates. The first approach, known as the Material-property degradation method 
(MPDM), assumes that a damaged material can be replaced with an equivalent 
material with degraded properties. When used for the finite element modeling of 
damage, finite elements containing damage are considered “damaged” and the 
stiffness reduction is simulated by degrading the material properties of these 
damaged elements. The second approach is an element-delete approach, in which 
finite elements containing damage are totally removed from the FE model. No 
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consideration is given to the damage status of the deleted elements.  A brief review 
of these approaches is given below. 
 
 
1.3.1. Material Property Degradation Method, MPDM 
 
The Material property degradation method (MPDM) is a common and practical 
approach to modeling damage in composite laminates [Chang and Chang, 1987a 
and 1987b; Chang and Lessard, 1991; Camanho and Matthews, 1999; Hyer and 
Wolford, 2003; Hallet and Wisnom, 2003]. In the event a damage mode is detected, 




 (a) Ply-level Approach  
 
In this approach, the material properties of damaged plies of the composite laminates 
are modified when ply-level damage is predicted. Attention is focused on ply-level 
damage because it is difficult and computationally expensive to model the damage 
events taking place at the micro-level. Among the various failure modes, the 
problem of stiffness reduction due to matrix cracking has received the most attention 
in the past. This is because matrix cracking is among the most common failure 
modes and is also usually the first sign of damage observed in general angle-ply 
laminates loaded in tension [Tsai 1965; Parvizi et al., 1978; Highsmith and 
Reifsnider 1982; Hashin, 1990].  
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An immediate consequence of matrix cracking is the loss of load-carrying capability 
in the direction normal to the cracks and a reduced structural stiffness in that 
direction [Tsai, 1965; Tsai and Hahn, 1975; Petit and Waddoups, 1969]. Several 
material property degradation approaches to model stiffness reduction have been 
proposed and these include the ply-discount methods [Tsai, 1965; Petit and 
Waddoups, 1969; Chou et al., 1976] and continuum damage mechanics models 
[Allen et al., 1987a, 1987b and 1988;  Lee et al., 1989; Lim and Tay, 1994 and 1996; 
Talreja, 1985a, 1985b, 1986a, 1986b, 1987, 1990a and 1990b; Tay and Lim, 1996].   
 
In the ply-discount method, the stiffness matrix of the damaged ply is modified at 
the onset of the first transverse crack [Tsai, 1965; Tsai and Azzi, 1966; Petit and 
Waddoups, 1969; Chou et al., 1979]. A stress analysis of the composite laminate is 
first performed to identify the first ply that contains the first transverse crack. The 
Young’s modulus in the transverse to fiber direction 2E  and the shear modulus 12G  
of the damaged ply were then reduced to zero (the subscripts 1 and 2 refer to the 
fiber and transverse to fiber directions respectively). A new stress analysis of the 
laminate using the reduced stiffness of the damaged ply was carried out and the next 
ply containing transverse crack is identified and its material properties are similarly 
reduced. This procedure is stopped when the first fiber failure in the °0  ply (i.e. ply 
whose direction is aligned with the tensile loading direction) is predicted.  
 
The advantage of the ply-discount method is that it is simple to use. However, the 
amount of stiffness reduction to the damaged ply is applied without any physical 
basis, as the mechanism of transverse crack damage is not accounted for. This leads 
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to an underestimation of the laminate strength because the damaged ply is still 
capable of retaining a considerable amount of its initial load-bearing capability 
despite the presence of cracks. Hence, the ply-discount method is over-conservative. 
 
In continuum damage models, a constitutive model of the damage states of 
composites is used with a damage evolution criterion to predict progressive damage 
in composite laminates due to matrix cracking [Talreja, 1985a, 1985b, 1986a, 
1986b, 1990a and 1990b; Allen et al., 1987a, 1987b and 1988; Allen and Lo, 1991; 
Lee et al, 1989; Lim and Tay, 1994 and 1996; Tay and Lim, 1996; Coats and Harris, 
1995 and 1998; Lo et al., 1996]. The state of damage in constitutive relations of 
composite is described by a set of internal state variables, which contains 
information on the crack geometry and fracture modes. 
 
A first order tensor of internal state variables was first introduced by Talreja [1987] 
to characterize the internal damage in composites. By assuming the energy density in 
a cracked volume to be a function of the strain tensor and a damage vector, a set of 
constitutive equations with observable strains and an effective stress tensor can be 
constructed. However, this method requires the determination of ten constants for a 
general laminate containing matrix cracks. The number of constants is reduced to four 
in the case of cross-ply laminates. The predictions of the change in longitudinal 
stiffness with cycles of loading for a glass/epoxy [ ]S390/0 °°  laminate under tensile 
fatigue load agreed reasonably well with experiments.  
 
Allen and co-workers [Allen et al., 1987a and 1987b] used a second order tensor of 
internal state variables that are originally proposed by Kachanov [1972] in their 
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continuum damage model. This model requires fewer constants and explicitly 
incorporates the crack kinematic features into the formulation for the internal state 
variables. The internal state variables for matrix cracks are related to the energy 
release rate due to cracking, using the concept of linear elastic fracture mechanics. 
Predictions from the damage model compared well with experiments.  
 
An upper bound on stiffness based on the internal state approach was proposed by Lee 
et al. [1989]. The internal state variables were solved by assuming the displacement 
field in the presence of cracks to be in terms of trigonometric function series. Tay and 
Lim [1993] used the damage model proposed by Kachanov [1972] and Allen et al. 
[Allen et al., 1987a and 1987b; Lee et al., 1989] in conjunction with a simple 
kinematic representation of transverse crack profile to predict the stress-strain 
behavior of damaged cross-ply laminates. The predicted stress-strain curves compare 
reasonable well with the experimental curves obtained from Daniel and Lee [1990] 
and Laws and Dvorak [1988]. A series of parametric finite element analysis was also 
performed to establish the effects of crack opening profiles, relative ply thickness of 
the longitudinal and the transverse plies and crack density on the stiffness of the 
laminate. 
 
The above continuum damage models were proposed to model the stiffness 
reduction due to matrix cracking only. Unfortunately, they often lacked detailed 
information on the extent of transverse crack interactions. They are basically 
phenomenological in nature. Clearly, more refined methodologies that account for 
all the identified damage mechanisms in composites are needed.  
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Subsequent degradation models were developed to include other ply-level damage 
modes such as fiber breakage and fiber-matrix shearing failure. Different failure 
criteria are considered for various failure modes of composites, and there exists an 
appropriate material property degradation rule for each failure mode predicted 
[Chang and Lessard, 1991; Shahid and Chang, 1995; Tan, 1991; Tan, 1994; 
Shokrieh and Lessard, 2000a and 2000b; Tserpes et al., 2001 and 2002].  
 
Tan [1994] proposed a 2-D FE progressive failure model for laminated composites 
containing stress concentrations subjected to tensile loading and used a modified 
Tsai-Wu failure criterion [Tan, 1988] to distinguish the failure modes by matrix 
failure or fiber breakage. When failure is predicted, material properties of the 













where stiffness degradation factors 1D , 2D  and 6D  represent the damaged state of a 
lamina, 1E , 2E  and 12G  are the material properties of the undamaged lamina, the 
superscript d  refers to the material properties of the damaged lamina and the 
subscripts 1  and 2 refers to the fiber direction and transverse to fiber direction 
respectively. Here, 1D  is the stiffness degradation factor of a lamina along the fiber 
direction caused by fiber breakage while 2D  and 6D  are the degradation factors 
transverse to the fiber direction and shear component respectively, due to matrix 
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failure. The degradation factors 1D , 2D  and 6D  in equation (1-1) have values less 
than unity if damage occurs in a lamina or an element. Estimates of their values are 
given in Tan’s earlier works [Tan and Nuismer, 1989; Nuismer and Tan, 1988] 
where an approach based on an elasticity solution of a micromechanical model of a 
cracked lamina is used. For a given crack density, the equilibrium equations and 
appropriate boundary and continuity conditions are solved to obtain the damaged 
lamina constitutive equations (and hence the degradation factors). 
 
Damage accumulation was addressed in the works of Chang and Lessard [1991] and 
Shahid and Chang [1993a, 1995]. Chang and Lessard’s degradation model [1991] 
was later used in the analysis of Ambur et al. [2004a and 2004b] to study composite 
curved panels subjected to axial compression loading and in-plane shear loading 
well into their postbuckling regime. In their analysis, the elastic properties are made 
to be linearly dependent on three damage variables 1vF , 2vF  and 3vF . The first 
damage variable represents matrix failure, the second represents fiber-matrix 
shearing failure and the third represents fiber failure. The values of the three damage 
variables are set to zero in the undamaged state. If any of the three ply damage mode 
is predicted, the value of the associated damage variable are set to 1.0 and the 
material property is then degraded accordingly to the property degradation model 
defined in Table 1-1 (the subscript 1 refers to the fiber direction while subscripts 1 
and 3 are transverse to fiber direction). 
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Table 1-1: Dependence of material elastic properties on the damage variables 
(referenced from Ambur et al. [2004a and 2004b]) 
No failure Matrix cracking Fiber-matrix shear Fiber failure 
1E  1E  1E  1E 0→  
2E  2E 0→  2E  2E 0→  
12  12 0→  12 0→  12 0→  
12G  12G  12G 0→  12G 0→  
13G  13G  13G 0→  13G 0→  
23G  23G  23G  23G 0→  
1vF = 0 1vF = 1 1vF = 0 1vF = 0 
2vF = 0 2vF = 0 2vF = 1 2vF = 0 




A three-dimensional material degradation model was developed by Tserpes et al. 
[2001] to simulate damage accumulation of bolted composite joints under in-plane 
tensile loading. The Hashin-type failure criteria [Hashin, 1980] reported in the work 
of Shokrieh et al. [1996] were used to predict various distinct damage modes in 
composites: matrix tensile and compressive cracking, fiber tensile and compressive 
failure, fiber-matrix shear-out and delamination in tension and compression. If 
matrix tensile and compressive cracking is detected in a ply, it is assumed that the 
matrix cannot carry any load. Therefore, material properties of the failed ply in the 
matrix direction such as Young modulus in the transverse-to-fiber direction yE  and 
Poisson’s ratio xyυ  are reduced to zero. In the case of delamination failure, it is 
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assumed that the material loses its ability to carry shear loads and load in the z - 
direction and therefore, zE = xzG = yzG = 0 and xz = yz =0 for compatibility. 
 
In another three-dimensional problem of progressive fatigue damage in a pin/bolt-
loaded composite laminate studied by Shokrieh and Lessard [2000a], seven different 
failure modes for the unidirectional ply are considered, which are: fiber tension, 
fiber compression, fiber-matrix shearing, matrix tension, matrix compression, 
normal tension and normal compression failure modes. Suitable stress-based failure 
criteria for detecting these failure modes under multiaxial state of stress are derived 
and there exists an appropriate set of material property degradation rule for these 
failure modes. For example, when either fiber tension or fiber compression failure 
modes are detected in a ply, all material properties of the damaged ply i.e. xE , yE , 
zE , xy , xz , yz , xyG , xzG  and yzG  are reduced to zero (the subscripts x , y  and z  
refers to the global x -, y - and z - axes respectively). This is because fiber failure 
modes are catastrophic and therefore it is assumed that the ply with fiber breaks 
cannot sustain any stress. In the case of matrix tension failure mode, it is assumed 
that since matrix mode is not catastrophic, this failure mode only affects the matrix 
direction properties and therefore other material properties are left unchanged. In 
this case, only the transverse modulus yE  and Poisson’s ratios xy  and yz  are 
reduced to zero. The progressive fatigue damage model is later validated with 
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(b) Element-level approach 
 
In this approach, it is assumed that damage within an element has an effect on the 
material properties of that element only. Therefore, degradation was done on an 
element-basis. 
 
In the 2-D progressive failure analysis of notched composite laminates in tension 
and compression studied by Chang et al. [Chang et al., 1984; Chang and Chang, 
1987b], stiffness-reduction was carried out at element level and a failure criterion 
proposed by Yamada and Sun [1978] was used. If matrix cracking is predicted in an 
element, all material properties except xE  of the damaged element are reduced to 
zero (the subscript x  refers to the fiber direction). In the case of fiber and/or 
fiber/matrix shear failure, xE  and xyG  of the damaged element are reduced 
according to a Weibull distribution, while the other two parameters in-plane 
properties yE  and xyν  are reduced to zero.  
 
It may be noted that size of actual damage in the form of cracks is very small 
compared to the size of elements used in the mesh. Hence, it appears unjustified to 
reduce the material properties of damaged elements to zero. A gradual stiffness 
reduction was proposed by Reddy et al. [1995] in which the degraded material 
properties of the damaged element are assumed to be a constant multiple of the 
properties before degradation. The constant, called the stiffness reduction coefficient 
(SRC), is given a value between 0 and 1 where 1 refers to an undamaged element. 
When an element is considered failed by a failure criterion, the SRC of that element 
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is determined by gradually reducing the stiffness properties of that element until the 
failure criterion is not satisfied. Results indicate that the gradual stiffness reduction 
scheme of Reddy et al. [1995] provides a more accurate ultimate load estimation 
compared to those stiffness reduction schemes which reduce the material properties 
of damaged elements to zero [Lee, 1982; Hwang and Sun, 1989; Tolson and 
Zabaras, 1991]. 
 
A 3-D material property degradation model was developed by Camanho and 
Matthews [1999] to predict damage progression and strength of mechanically 
fastened joints in carbon fiber-reinforced composites in the bearing, tension and 
shear-out modes. Based on the approach of Tan [Tan, 1991; Tan and Perez, 1993; 
Tan and Nuismer, 1989; Nuismer and Tan, 1988], a set of internal state variables for 
various damage mechanisms is used to describe the effect of damage on the stiffness 
of the material. Four types of damage modes are considered: (1) matrix tensile or 
shear cracking, (2) fiber tensile fracture, (3) matrix compressive or shear cracking 
and (4) fiber compressive fracture. Selected elastic material properties of a damaged 
element are degraded according to the damage mode predicted. The progressive 
damage model is able to accurately predict failure modes, joint strength and stiffness. 
 
 
1.3.2. Element-delete Approach 
 
Another approach used in the finite element modeling of damage in composite is 
known as the element-delete approach. The concept of element-delete is first 
formulated by Mahishi and Adams [1982] to predict the initiation and propagation 
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of cracks in a model of a single broken fiber embedded in an annular sheath of 
aluminum matrix. In their analysis, a finite element loaded beyond its maximum 
strain energy capacity is removed from the FE mesh and omitted from further 
computations. The stiffness associated with the element is also reduced to zero. 
Load that was sustained by the element prior to failure is transferred to surrounding 
undeleted elements.  
 
However, this analysis by Mahishi and Adams is at the micromechanics level; 
element deletion is too conservative when applied at the macroscopic continuum 
scale. In addition, the element-delete approach becomes inadequate if the loading 
experienced by the material is compressive in nature, as the element containing the 
crack is still capable of resisting volumetric compression. This problem is addressed 
by Beissel et al. [1998] in the analysis of dynamic crack propagation in isotropic 
materials. Extending the concepts of nodal release [Rousselier, 1979] and nodal 
splitting [Bakuckas et al., 1995a and 1995b], Beissel proposed an element-failure 
algorithm to model crack propagation within elements of an FE mesh. In his 
algorithm, an element containing a propagating crack is considered partially failed 
and is not removed from FE computations. Instead, a fraction of the stresses that 
were computed before the crack tip entered the element contribute to the nodal 
forces of the element. This fraction is dependent on the crack length of the element. 
When the crack propagates through the element, the element is considered to have 
completely failed element and can only resist volumetric compression. The 
advantage of this treatment of dynamic crack propagation is that it allows crack 
growth in any arbitrary direction without the need of remeshing. In addition, there is 
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no need to redefine new crack surfaces or use any contact algorithm to prevent 
interpenetration of the crack surfaces.  
 
Recently, the element-failure approach was extended to composite structures by Tay 
et al. [2003] to analyze damage and delamination propagation in low-velocity 
impact of composite laminates. An advantage of this analysis is that it eliminates the 
need to use contact algorithms to ensure that the interpenetration of delamination 
surfaces does not occur, because the failed elements are not removed from the mesh. 
Good agreement with experimental results was reported.  
 
 
1.4. Problem Statement 
 
In view of the previous studies, there are still many aspects of the finite element 
modeling of damage progression of composite laminates that can be improved. With 
regard to damage-modeling technique, the element-delete approach underestimates 
the stiffness of composite laminate. This is because elements containing damage are 
removed from the FE mesh, although they are still capable of sustaining 
compressive loads. For the material-property degradation method (MPDM), it 
employs rather restrictive degradation schemes which in some cases, leads to 
computational problems. In addition, the reformulation of the stiffness matrix with 
damage progression is a computationally intensive process, especially with fine 
meshes. There is also a possibility that by reducing the material properties, the 
stiffness matrix of the damaged finite element become ill-conditioned and 
convergence to a solution is not assured.  
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Hence, our main objective here is to propose a damage-modeling technique that will 
overcome the above limitations of the element-delete approach and the MPDM and 
at the same time, is able to account well for local damage in composite structures. 
Since the element-failure concept is found to be particularly suited for dynamic 
fracture and delamination in low-velocity impact of composites [Tay et al., 2003], 
we proposed an Element-failure method (EFM) for the modeling of damage in 
composites under quasi-static loading. As the failed element is not removed from the 
mesh and its stiffness matrix is not modified, the above-mentioned drawbacks 
associated with the element-delete approach and the MPDM are not present in the 
EFM. There will also be savings in computational efforts since there is no 
reformulation of stiffness matrix. 
 
 
1.5. Scope of Study 
 
The use of the EFM is illustrated in the case of progressive damage analysis of a 
composite laminate under quasi-static three-point bend. To achieve this, we develop 
a FORTRAN code which uses the finite element method to perform the stress 
analysis. The effects of damage are described by the EFM while a recently proposed 
micromechanics-based strain invariant failure theory (SIFT) is used for damage 
initiation and progression. Damage progression patterns predicted by the use of the 
EFM and SIFT is compared with the experimental observations. 
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As EFM and SIFT are both relatively new methods, a secondary objective of this 
project is to assess both methods. Because SIFT only identifies the location of 
damage and not actual failure modes, local failure modes are interpreted by 
correlating the data from SIFT with experimental observations. In addition, 
parametric studies based on a variation of critical strain invariants values of SIFT are 
conducted to assess the robustness of damage pattern predictions.  
 
Another set of damage pattern prediction, using material property degradation 
method (MPDM) with SIFT, is generated for the three-point bend problem and 
compared with experimental observations. The difference between these patterns is 
investigated by examining the finite element formulations of MPDM and EFM. The 
relationship between nodal forces and element stiffness properties is discussed. 
Finally, the force-stiffness equation of the EFM is reformulated to show that the 
EFM can yield identical results with MPDM. 
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2. Introduction to the EFM and SIFT 
 
 
This chapter describes the principles of element-failure method (EFM) and strain-
invariant failure theory (SIFT) that are used in our in-house code1. The EFM is a 
new concept that is proposed herein to model the effects of damage on the load-
bearing capability of an element while SIFT is a micro-mechanically based failure 
criterion that was recently developed by Gosse [Gosse et al., 2001; Gosse, 2002]. 
 
 
2.1. The Element-Failure Method, EFM 
 
Traditionally, progressive damage in composites is mostly modeled using material 
property degradation method (MPDM), which assumes that a damaged material can 
be replaced with an equivalent material with degraded properties. Unfortunately, 
MPDM often employs rather restrictive degradation schemes which in some cases, 
leads to computational problems. In this section, we proposed a new element-
failure method to overcome the associated disadvantages of the MPDM. This shall 
be used for modeling damage in composite laminates under quasi-static loading in 
Chapter 4.  
 
 
                                                
1
  An in-house finite element (FE) code has been developed to study the initiation and progression of 
damage in composites. Details regarding the development of the code and how the EFM and SIFT are 
implemented are given in Chapter 3. 
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2.1.1. Principles of EFM 
 
An element-failure algorithm was originally proposed by Beissel et al. [1998] to 
model crack propagation with finite elements in the analysis of dynamic crack 
propagation in isotropic materials. In their approach, an element is in one of three 
states – undamaged, partially failed and completely failed. When a crack is 
propagating within an element, the element is considered to have partially failed and 
is not removed from the FE computations. However, only a fraction of stresses that 
were computed before the crack tip entered the element contribute to the nodal 
forces of that element. This fraction is dependent on the crack length within the 
element. When the crack has propagated through the element, the element is deemed 
as completely failed and can only resist volumetric compression. The *T  energy 
integral [Atluri, 1982; Atluri et al., 1984] is employed as the dynamic fracture 
parameter, guiding the crack tip through the mesh. The advantage of the element-
failure algorithm is that it allows crack growth in any arbitrary direction without the 
need for remeshing. 
 
 Recently, the element-failure concept was extended to composite structures by Tay 
et al. [2003] to analyze damage and delamination propagation in low-velocity 
impact of composite laminates. The delamination crack surfaces are not explicitly 
modeled, but are simulated by a series of partially-failed elements. This avoids the 
difficult task of identifying crack tips for the application of traditional fracture 
mechanics. Another advantage of element-failure algorithm is that the analysis does 
not require any contact algorithm to ensure that interpenetration of delamination 
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surfaces does not occur, because the failed elements are not removed from the finite 
element computations. 
 
In our proposed new element-failure method here, a different definition for a failed 
element is used. Here, a failed element is defined as one with damage, where 
damage can be a single or multiple matrix cracks, fiber breakage, fiber matrix 
debonding or even delamination. A failure theory is used to predict damage in the 
element. The nodal forces of the failed element are modified to reflect the general 
state of damage and loading. This is achieved by applying external forces on the 
nodes of the failed element in succession until the nett internal nodal forces of the 
surrounding non-fail elements are reduced to an appropriate value (Figure 2-1). The 
implementation of the EFM is given in the next section. For this reason, EFM is also 
known as nodal force reduction method.  
 
The magnitude and direction of external nodal forces to be applied depends on the 
mode and extent of local damage predicted in the element. Suppose damage in the 
form of matrix cracks occur in an element,  an immediate consequence is the loss of 
load-carrying capability in the direction normal to the cracks and a reduced 
structural stiffness in that direction [Tsai, 1965; Tsai and Hahn, 1975; Petit and 
Waddoups, 1969]. This is simulated by applying external nodal forces in the 
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The magnitude of external nodal forces to be applied depends on the extent of 
damage modeled. If the element is partially-failed, external nodal forces are added 
until the nett internal nodal forces of the surrounding non-fail elements are reduced 
to just a fraction of their initial values, whereas a completely failed element is 
represented by reducing these internal nodal forces to zero. 
 
Similarly, for a completely failed element that no longer sustain any load in both its 
fiber and transverse directions, we apply external nodal forces in these two 
directions until the nett internal nodal forces of surrounding non-fail elements are 
reduced to zero. This models effectively traction-free edges within the structure. 
Figure 2-1 shows the various states of damage in a failed element of a composite 
material and their respective direction of external forces to be applied. 
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Figure 2-1(a) to (c): How the element-failure method is applied to simulate a 




External forces are applied in 
the transverse-to-fiber 
direction to simulate a 
partially-failed element that 
cannot sustain any load in 
that direction. 
Possible states of 
damage  
External forces are applied 
in both directions to 
simulate a completely failed 
element. 
Fiber direction 
External force vector 
Legend 
Failed element Material coordinate axes Non-fail element 
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2.1.2. Force Convergence Criterion of EFM 
 
The “correct” magnitude of external forces to be applied is unknown at the start of 
the force-modification process. This magnitude is determined through a series of 
iterations whereby external loads are added per iteration step until the nett internal 
nodal forces of the surrounding non-fail elements converge to a desired force value 
(zero for complete failure).  
 
The above concept is illustrated in Figure 2-2. Let us suppose a crack or some 
damage occurs in element B which compromises its load-carrying capability in the 
vertical y-direction. Here, element B is determined to have failed by an application 
of an appropriate failure criterion. The non-failed elements surrounding element B 
are denoted as j  where etcj ,,2,1 = .  
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(c) External nodal forces (red 
arrows) in the y-direction is 
applied to modify the internal 
nodal forces 
(a) Failed element B cannot 
sustain any load in y-
direction 
(b) Internal nodal forces of 
non-fail elements j at node 
i (blue arrow) in the y-
direction are modified 
 
Figure 2-2(a) to (c): Application of element-failure method to node i  of failed 
element B. Elements j  are the non-fail elements surrounding element B. 
 
 
At iteration 0 (i.e. before any external force is applied), force equilibrium at node i  










j fff  (2-1) 
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  is the nett internal nodal force at node i  belonging to surrounding non-
fail elements j . For a 2-D 8-noded failed element B, node i  takes the 
value from 8,,2,1 =i . 
m  is the maximum number of non-fail elements j  that share a common 
node i . For example, in Figure 2-2b, m =3. 
0
Bf   is the internal nodal force at node i  belonging to failed element B, 
0
appf   is the external applied force on node i , 
and the superscript refers to the iteration number.  
 
It is noted that 0appf = 0 because at the beginning of the series of iterations, there is no 
applied external nodal force on the node i . 
 








, we define the residual 0R  of non-fail elements j (i.e. the difference 
between the desired and current nett internal nodal force of non-fail elements j  at 
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Substituting equation (2-1) into equation (2-2), equation (2-2) can be written in 





































The application of 1appf  at node i  for the next iteration (i.e. iteration 1) results in the 
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The force modification process is stopped at the nth  iteration when the “correct” 
amount of external forces nappf  is attained. In this case, the nett internal nodal forces 
for all the nodes of elements j  have reached their desired values. The nodal forces 
at node i  of non-fail elements j  is: 
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n fffR  (2-10) 
 
i.e. we iterate until the residual nR of non-fail elements j  at node i  becomes zero, 
or a very small pre-set number. 
 
 We call equation (2-10) the force convergence criterion of EFM, which is to be 
satisfied for every node i  of failed element B for any force component of interest (in 
this case, it is the y-component that is modified). As such, equation (2-10) is equally 
applicable for three-dimensional conditions. 
 
 
2.1.3. Validation of EFM 
 
To demonstrate the technique of EFM, we apply equations (2-1) to (2-10) to an 
analysis of a 2-D orthotropic plate containing a central “crack-like slit” and 
subjected to uniform tensile displacement =∆y 0.1 mm prescribed at its top and 
bottom edges (Figure 2-3a). Dimensions of the plate are 100mm by 200mm in the x- 
and y- direction respectively and the plate is modeled with 2-D eight-noded plane-
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strain finite elements using material properties ,3.1611 GPaE = ,3.832 GPaEE ==  
,16.51312 GPaGG == ,38.323 GPaG = and 3.0231312 === υυυ . The refined FE 
mesh is shown in Figure 2-3b.  
 
A crack in this problem is expected to grow in the direction perpendicular to the 
loading direction, i.e. in the x-direction. Hence, the crack is modeled as a “crack-like 
slit” with a thickness (Figure 2-3b) so that the crack-tip can propagate along the row 
of elements ahead. We consider the case where the crack has propagated in such a 
way that two elements ahead of it (denoted as B1 and B2) have failed (Figure 2-4). 
In this case, the load-carrying capability of failed elements B1 and B2 are mainly 
compromised in the y-direction. To represent this effect of damage within the failed 
elements, EFM is employed by applying external nodal forces in the y-direction on 
the nodes of these failed elements (i.e. nodes n1 to n12). These external forces are 
added over a series of iterations until the y-component of the internal nodal forces 
(at nodes n1 to n12) of surrounding non-fail elements is reduced to zero to simulate 
traction-free crack surfaces. In this way, the force convergence in equation (2-10) is 
satisfied. 
 
As the size of failed elements is very small (0.025mm by 0.025mm) compared to the 
crack length (50mm), it is expected that the failure of two elements ahead of the 
crack will yield yyσ  stress contour and crack-opening displacement profiles that are 
very similar to those prior to element failure. Comparison of the stress contours and 
crack-opening displacement profiles confirmed this (Figure 2-5 to Figure 2-6).  
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We find that 15 iterations are required to fail the two elements. The number of 
iterations is expected to increase as more elements are failed but typically, less than 




















(b) Refined FE mesh in crack tip region 
 
Figure 2-3: FE model of a plate containing a central crack-like slit subjected to tensile 
loading. 






Displacement y∆  
100mm 
200mm 50mm 
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Figure 2-4: Locations of elements and nodes that are involved in the element-failure method. 
 
Figure 2-5: Crack-opening displacement profiles before and after failure of two elements.
Direction of crack growth 
“Crack-like slit” B1 B2 
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(a): Initial yyσ  contour plot without any failure. 
 
(b): Final yyσ  contour plot (after failure of two elements using the element-failure 
method). 
 
Figure 2-6(a) and (b): yyσ  contour plots before and after the failure of two elements 
 
Two failed elements 
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2.1.4. Conclusions 
 
In the element-failure method, we assume that damage in a failed element affects 
only the internal nodal forces of that element and its surrounding non-fail elements. 
The addition of external nodal forces at each iteration step only reduces the nett 
internal nodal forces of non-fail elements whereas those belonging to the damaged 
element increases. Compatibility is preserved but “stresses” within failed elements 
are not physical because of the fictitious applied nodal forces. 
 
In addition, as the material properties of the failed element are not modified, 
there is no ill-conditioning of stiffness matrix in EFM and convergence of a 
solution is always assured. There is also no need to reformulate the global 
stiffness matrix during the damage progression process, thereby resulting in 
savings in computational effort.  
 
Hence, the EFM does not contain any of the drawbacks associated with the 
MPDM (refer to the summary in Table 2-1). A detailed comparative study between 
the two methods is performed in Chapter 5. 
 
Chapter 2: Introduction to the EFM and SIFT 
Modeling Damage in Composites Using the Element-Failure Method 40 




Material property degradation 
method (MPDM) 





Effects of damage are described 
using material properties 
 
Effects of damage are described 
using nodal forces 
Drawback As stiffness matrix C is degraded, 
there is a possible problem of ill-
conditioning of stiffness matrix.  
Hence, to ensure its determinant 
is positive, there are limitations to 
the amount of degradation that 
can be applied to the material 
properties.  
As stiffness matrix C is not 
modified, its determinant is 
always positive. Convergence of a 




No Yes, external nodal forces are 
added until the internal nodal 
forces converge to the force 
convergence criterion in equation 
(2-9). Iterations are required only 
for implicit FE. 
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2.2. Failure Criteria 
 
In this section, we briefly review two failure criteria used in this project. The first is 
the well-known and established Tsai-Wu failure theory [Tsai, 1992], and the second 
is the strain invariant failure theory (SIFT), a micromechanics-based failure theory 
that is very recently proposed by Gosse [Gosse et al., 2001; Gosse, 2002; Gosse et 
al., submitted for publication].  
 
 
2.2.1. Tsai-Wu Failure Theory 
 
The Tsai-Wu failure theory [Tsai, 1992] is a tensor polynomial failure theory for 
anisotropic materials. In this quadratic failure theory for orthotropic materials, the 
failure surface in stress space is described by a scalar function )( if σ  as 
 
1)( =+= jiijiii FFf σ  ji, =1,2,…,6 (2-11) 
 
where iF  and ijF  are experimentally determined strength parameters and a vector 
notation for stress tensor is adopted as follows: 111  = , 222  = , 333  = , 
234  = , 315  =  and 126  = . 
 
In the case of plane stress where 0 543 === , failure occurs when equation (2-
11) becomes 
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1112211 ≥+++++ τFFFFFF  (2-12b) 
 
where equation (2-12b) is more commonly used. 
 
 
The linear terms in shear stress 6  have been dropped because the shear strength 
along the principal material axes is not affected by the sign of the shear stress. Thus, 
only a quadratic term in shear stress 6  remains. However, the linear term in the 
normal stresses 1  and 2  are retained because they take into account the different 
strengths in tension and compression. In addition, the term 2112 2F  takes into 
account the interaction between the normal stresses.  
 
With the exception of 12F , all the other strength parameters in equation (2-12) can 
be expressed in terms of uniaxial and shear strengths. For example, for the tension 
and compression tests with uniaxial stresses TX=1  and CX=1  respectively, the 
simultaneous solution of these two equations resulting from equation (2-12) yields 
 
CT XX
F 111 += , 
CT XX
F 111 −=  (2-13) 
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Similarly, it can be shown from uniaxial and shear tests that 
 
CT YY
F 112 += , 
CT YY
F 122 −= , 266
1
S
F =  (2-14) 
 
 
In the case of a composite material, subscript 1 refers to the fiber direction while 
subscript 2 refers to the transverse to fiber direction, TX  and CX  represents the 
tensile strength and compression strength of the composite in its fiber direction 
respectively, TY  and CY  represent the tensile strength and compression strength in 
the transverse to fiber direction and S  is the shear strength.  
 
The determination of interaction parameter 12F  requires a biaxial test involving both 
1  and 2 . However, 12F  can have four different values because there are four 
different failure pairs 1 , 2  [Hashin, 1983]. Wu [Wu, 1972, 1974] has suggested 
that in order to determine 12F  accurately, the biaxial ratio 21 /=B  must be 
optimized to account for the sensitivity of 12F  to experimental scatter in the applied 
stresses. The optimization procedure is complicated and the reader is referred to 
articles by Wu [Wu, 1972, 1974] for more details.  
 
Subsequently, Tsai and Hahn [Tsai and Hahn, 1980] proposed: 
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F −=  
CTCT YYXX2
1−
=  (2-15) 
 
which means equation (2-12) may be interpreted as a generalized von Mises 
equation. It is interesting to note that equation (2-12) reduces to Tsai-Hill criterion 




F −= . (2-16) 
 
 
The Tsai-Wu failure criterion is appropriate for fiber-reinforced composite materials 
because the compressive strength in the fiber direction is usually greater than its 





The single-valued scalar equation in equation (2-12) makes Tsai-Wu failure theory 
easy to use. It accounts for the interaction of stresses by using interaction coefficient 
ijF . It also correlates well with experimental data as it uses homogenized material 
strengths TX , CX , TY , CY  and S  that are measured from experiments. In this 
aspect, Tsai-Wu failure theory is used to predict macroscopic failure. However, 
Tsai-Wu failure theory does not explicitly distinguish between the failure modes of 
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composites. In addition, it is not a micromechanics-based criterion, which means 
that failure mechanisms at their microstructural scale cannot be directly and easily 
related to the various strength values. 
 
 
2.2.2. Strain Invariant Failure Theory, SIFT 
 
Since the strain invariant failure theory is relatively new, its essential features are 
briefly described here. Proposed by Gosse [Gosse et al., 2001; Gosse, 2002; Gosse 
et al., submitted for publication], failure is determined in SIFT by considering the 
criticality of three strain invariants. These invariants were calculated using strains 
that have been “amplified” through a separate micromechanical analysis, which is 
described in the next section. 
 
The first of the invariants is 1J  and is defined as: 
 
zzyyxxJ εεε ++=1  (2-17) 
 
where xzyzxyzzyyxx γγγεεε ,,,,,  are the six components of the strain vector in general 
Cartesian coordinates. The subscripts could also represent the directions of any 
orthogonal coordinate system such as material coordinate system 1-2-3 since 1J  is 
an invariant.  
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Where distortional deformation is significant, SIFT employs the von Mises (or 







yzxzxyzzyyzzxxyyxxvm γγγεεεεεεε +++−+−+−=  (2-18) 
 
 
A simplified form of SIFT (where only the first strain invariant 1J  is considered) 
has been recently used by Li et al. [2003] to successfully predict matrix-dominated 
failure in I-beams, curved beams and T-cleats. Their findings also suggest that the 
1J  criterion is most appropriate for interlaminar failure of composite structures 
subjected to quasi-static tension-tension load cases where the failure is dominated by 
volume increase of the matrix. On the other hand, von Mises strain invariant vm  is 
more suitable for other load cases where the failure is dominated by distortion.  
 
2.2.2.1. Micromechanical Enhancement of Strains 
 
The strains xzyzxyzzyyxx γγγεεε ,,,,,  used in equations (2-17) and (2-18) are obtained 
from the “amplification” of macro strains. The amplification factors involved have 
been determined earlier through a separate micromechanical analysis, where a 
repeating unit volume (RUV) consisting of individual matrix and fibers have been 
modeled by three-dimensional finite elements. Three types of fiber packing patterns 
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with a fiber volume fV  of 60% are considered: square, hexagonal and diamond 




Figure 2-7: Fiber packing patterns: (a) Square (b) Hexagonal and (c) Diamond 
 
 
For each fiber packing pattern, unit strains in three cases of normal and three cases 
of shear deformations (defined as boundary conditions BC1 through BC6 in Table 2-
2) are separately prescribed to the RUV to extract the mechanical strain 
amplification factors (Figure 2-8). For example, in order to obtain the mechanical 
strain amplification factor for prescribed strain 111 =ε  in the fiber-direction, the 
other faces of the RUV are constrained (Figure 2-8a). The local mechanical strains 
are extracted from various locations within the RUV (Figure 2-9) and normalized 
with respect to the prescribed strains. In addition to the mechanical amplification 
factors, the thermal-mechanical amplification factor is obtained by constraining all 
the faces of the RUV from expansion and performing a thermo-mechanical analysis 
by prescribing a unit temperature differential T∆  above the stress-free temperature. 
90o 60o 
45o 
(a) (b) (c) 
Fiber 
Matrix 
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Figure 2-9: Locations for extraction of mechanical strain and thermal-mechanical 
strain amplification factors. 
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Table 2-2: Definition of boundary conditions BC1 to BC6 used in the extraction of 




BC1 111 =ε , 02313123322 ===== γγγεε , 0=∆T  
BC2 122 =ε , 02313123311 ===== γγγεε , 0=∆T  
BC3 133 =ε , 02313122211 ===== γγγεε , 0=∆T  
BC4 112 =γ , 02313332211 ===== γγεεε , 0=∆T  
BC5 123 =γ , 01312332211 ===== γγεεε , 0=∆T  




For each fiber-packing pattern, Gosse [Gosse, 2002] has chosen twelve locations for 
the extraction of amplification factors (Figure 2-9). Three are related to the matrix 
phase (IF1, IF2, IS) and 9 related to the fiber phase (F1 to F9).  Points F1 through F8 
are located at the fiber-matrix interface, F9 is located at the center of the (assumed 
circular) fiber, IF1 and IF2 are inter-fiber positions, and IS corresponds to the 
interstitial position. Therefore, there are 6 mechanical amplification factors and 6 
thermo-mechanical amplification factors for each position. Since there are 12 
positions per RUV and 3 fiber-packing pattern, the total number of amplification 
factors is 432 (i.e. 12 312 ×× ).  
 
It is noted that the above micromechanical analysis needs only be performed once, 
for a given matrix and fiber material system. For this project, the set of amplification 
factors are referenced from Gosse [Gosse, 2002] based on a carbon-fiber/epoxy 
IM7/977-3 system with a fiber volume fV  of 60%. These factors are coded in a 
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subroutine so that strains from the macro-finite element analysis can be efficiently 
amplified. 
 
The expression for the amplification of macro strains is given as: 
 
{ } [ ] { } ( ){ }phaseimechphaseiphasei TFTMF ∆+= εε  (2-19) 
 
where  
{ }phaseiε   is the local mechanical strain vector at position i  within RUV.  i  can 
be either IF1, IF2, IS (for matrix phase) or any of the F1 to F9 (for fiber 
phase). 
{ }mechε  is the homogenized mechanical strain vector obtained from the macro-
finite element analysis of the composite laminates, 
[ ]phaseiMF   is the column matrix of mechanical strain amplification factors at 
location i  within each phase, 
{ }phaseiTF  is the column vector of thermal-mechanical strain amplification factors 
at location i  within each phase , 
( )T∆  is the temperature differential. 
 
 
The first invariant 1J  in equation (2-17) is calculated with strains amplified only at 
IF1, IF2 and IS locations within the matrix material in the RUV. It is generally 
believed that 1J -driven failure is dominated by volumetric changes in the matrix 
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material. On the other hand, the von Mises strain vm  in equation (2-18) may be 
amplified with factors within the matrix material (IF1, IF2 and IS) and also with the 
fiber and fiber-matrix interface (F1 through F9). Thus, we designate the superscript 
m  to denote “matrix” (i.e. mvm ) and the superscript f  to denote “fiber” (i.e. fvm ). 
This corresponds to 3 sets of 1J , 3 sets of 
m
vm and 9 sets of 
f
vm  for one fiber-packing 
pattern.  
 
Hence, an element from the macro FE model will own a total of 9 (i.e. 3 matrix 
locations ×3 packing patterns) sets of 1J , and 9 (i.e. 3 matrix locations ×3 packing 
patterns) sets of mvm  and 27 (i.e. 9 fiber locations ×3 packing patterns) sets of fvm . 
Failure is said to have occurred when either of the three strain invariants at any of 
the twelve locations in the RUV reaches its respective critical value (i.e. CritJ1 , 
m
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It is noted that the critical values of the strain invariants CritJ1  and 
m
vmCrit  are 
obtained by Gosse [Gosse, 2002] from tensile testing of several un-notched 
uniformly strained IM7/977-3 laminae with a fiber volume ratio of 60%, whose fiber 
orientations varied between °15  and °90 , relative to the loading axis. The third 
critical SIFT criterion fvmCrit  is an effective property because it is obtained through 
the testing of unnotched °0  unidirectional and [ ]ns°−° 10/10  laminates in tension 
[Gosse et al., 2001; Gosse et al., submitted for publication].  
 
A pictorial summary of how SIFT is used to predict the failure of an element is 
given in Figure 2-10. Suppose we are studying the damage progression of a 
composite laminate under a three-point bend load, a finite element analysis is first 
performed to obtain the macro strains (Step 1 of Figure 2-10). For each element, the 
macro strains are amplified according to equation (2-10) using the set of 
amplification factors derived from the micromechanical analysis (Step 2 of Figure 2-
10). Since the amplification factors were extracted from various locations of a RUV 
(Figure 2-9) of three fiber-packing patterns (Figure 2-7), the macro strains are 
effectively “amplified” to represent the micro strains at those locations. These micro 
strains are subsequently used to calculate the strain invariants defined in equations 
(2-17) and (2-18)). An element is considered “failed” if one of its strain invariants 
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Step 2: Amplify macro strains { }mechε  according to Eq. (2-19). The “amplified” strains are used 
to calculate the strain invariants 1J , 
m
vm  and 
f
vm  defined in Eqs (2-17) and (2-18). 
(i) Diamond RUV 
 
3 sets of 1J ; 
3 sets of mvm ; 
9 sets of fvm  
(ii) Square RUV 
 
3 sets of 1J ; 
3 sets of mvm ; 
9 sets of fvm  
(iii) Hexagonal RUV 
 
3 sets of 1J ; 3 sets of 
m
vm ; 
9 sets of fvm  
Step 1: Extract macro 
strains for each element 
Total 9 sets of 1J , 9 sets of 
m
vm  and 27 sets of 
f
vm  








vm  ≥ ? 





Chapter 2: Introduction to the EFM and SIFT 
Modeling Damage in Composites Using the Element-Failure Method 54 
2.2.3. Conclusions 
 
For each failure prediction, it is possible not only to determine the invariant that has 
become critical, but also the position within the RUV where this has occurred. It 
remains to be seen whether the information extracted from the micromechanics 
analysis may be correlated to the observed local failure mechanisms. This is because 
like Tsai-Wu failure theory, SIFT does not explicitly distinguish failure modes as 
each critical strain invariant is not associated with a particular damage mode.  
 
However, an advantage of SIFT over Tsai-Wu failure theory is that it offers 
information occurring at the micro-mechanical level. This is because failure can be 
traced at either the matrix or fiber phase. For example, if the largest normalized 
strain invariant is due to 1J , it means that the matrix has undergone some 
irreversibility locally and damage in the form of matrix cracks, fiber/matrix 
debonding or delamination are possible. And if the largest normalized strain 
invariant is due to fvm , the damage can occur at either the fiber phase (F9) or matrix-
fiber interface (F1 to F8) depending on the location within the fiber phase where the 
largest normalized invariant occurs. In this case, fiber fracture or fiber/matrix 
debonding are possible damage modes.  
 
The basic features and differences between Tsai-Wu Theory and SIFT are tabulated 
in Table 2-3. A detailed comparative study between the two methods applied to the 
three-point bend test is given in Chapter 4. 
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equation usually expressed in 
stress space. There is also a 
strain-based formulation but 




method. Equations expressed 




Does not explicitly distinguish 
between failure modes 
Failure can be traced at either 
the matrix or fiber phase. But it 
still does not explicitly identify 
local failure mechanisms. 
 
Ease of use 
 
Simple to use as failure 
criterion is described using one 
equation. 
Not as straightforward as Tsai-
Wu theory. Micromechanical 
amplification factors must be 
obtained from a set of separate 
3-D analysis. But once 
obtained, the factors can be 
readily used. 
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In this chapter, we develop a finite element (FE) code to implement the element-
failure method (EFM). The code is to be used to model the initiation and progression 
of damage in composite laminates under quasi-static load in Chapter 4. Two-
dimensional (2-D) plane-strain finite element method is used to perform the stress 
analysis and failure of the elements is predicted using strain invariant failure theory 
(SIFT). The principles of the finite element method are not mentioned here, as there 
are already many excellent texts on it [Bathe, 1996; Rao, 1989; Cook et al., 1989; 
Strang and Fix, 1973; Zienkiewicz, 1991]. A description of the development of our 
code and its algorithms are covered in the following sections. 
 
 
3.1. Development of Our Code 
 
We prefer to develop our own code here instead of using commercial implicit FE 
codes such as ABAQUS because the former will be more computationally efficient. 
This is because ABAQUS reformulates the global stiffness matrix at every iteration 
step. On the other hand, our code only formulates the global stiffness once at the 
beginning of the computation. No reformulation of global matrix is necessary 
because the EFM does not modify the material properties of failed element and 
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hence, the initial global stiffness matrix remains unchanged throughout the 
computations. 
 
Our FE code is built upon a simple 2D plane strain FE code by Smith and Griffiths 
[2004]. The extension to a 3-D code is similar and straightforward since a basic 3-D 
FE code is also available [Smith and Griffiths, 2004]. The original 2-D code uses 8-
noded quadrilateral elements in their FE mesh and is used to perform only stress 
analysis of isotropic material. It uses very simple geometry and does not have 
complex mesh-generating routines. Available outputs from the code are nodal 
displacements and elemental stresses.  
 
We modify the original code and extend it to predict damage initiation and 
progression in composite laminates. Written in FORTRAN language, our code 
performs stress analysis for orthotropic composite materials subjected to quasi-static 
prescribed displacements. It is able to read in a FE mesh created by commercial 
modeling software such as Msc/PATRAN. The advantage of this is that a FE mesh 
needs not be restricted to rectangular shape and can have finer mesh in areas of 
interest.  
 
In addition, the effect of thermal residual strains from fabrication process is 
accounted for and the code provides output for nodal forces and elemental strains. 
The nodal forces are needed for the application of EFM while strains are needed for 
the application of SIFT in order to predict the next element to fail. Subroutines 
implementing EFM and SIFT are also written. A summary of the functions of the 
code is tabulated in Table 3-1. 
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• Predicts damage progression pattern in a composite 
Mesh • Reads in mesh that is created using Msc/Patran 
• Mesh can be of any shape as long as quadrilateral elements 
are used. 
 
Material • Material is linear elastic and can be orthotropic, 
transversely isotropic or isotropic 
• Elements can be assigned with material properties that are 
different from one another 
 
Load • Can be applied in the form of nodal forces or as prescribed 
displacement  
 
Thermal effects • Accounts for thermal residual stresses from fabrication 
 
Outputs • Nodal displacements 
• Nodal forces 
• Elemental thermal residual strains and mechanical strains 
• Elemental stresses 
 
Add-ons • Includes damage-modeling techniques such as EFM and 
MPDM 
• Includes failure criteria like SIFT and Tsai-Wu 
• Lookup tables for amplification factors 
• Residual force calculations for EFM 
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A flowchart of our 2-D implicit finite element (FE) code (where EFM and SIFT are 
implemented) is illustrated in Figure 3-1. The 2-D finite element mesh consisting of 
eight-noded plane strain elements is first generated using a commercial modeling 
software MSC/Patran and later read by our code. The algorithm performs the 
following steps: 
 
Step 1. Reads in mesh information such as dimensions, element and node numbers, 
element-node connectivity, nodal coordinates, boundary conditions and 
applied load in the form of prescribed displacement 0δ . 
Step 2. Reads in user-specified material properties, laminate layup and temperature 
change from the stress-free state. 
Step 3. Performs finite element analysis to solve for nodal displacements and 
elemental strains due to the prescribed displacement 0δ . The elemental 
strains are obtained by averaging the strains evaluated at  22 ×  Gaussian 
points.  
Step 4. Apply SIFT to determine the next element to fail. This is done by first 
amplifying the elemental strains from Step 3 with the set of amplification 
factors stored in a look-up subroutine on SIFT. The amplified strains are 
subsequently used to calculate the strain invariants 1J , 
m
vm  and 
f
vm . An 
element is considered failed if any of its normalized strain invariant values 
exceeds 1.0 (Refer to Chapter 2 for more details on SIFT). 
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Step 5. If no failed element is found in step 5, increase the prescribed displacement 
δδ ∆+0 . Repeat steps 4 and 5 until the first failed element is determined.   
Step 6. Apply the element-failure method (EFM) to the failed element. Depending 
on the nodal force reduction scheme chosen, appropriate external nodal 
forces are successively applied to the nodes of the failed element until the 
force convergence of EFM in equation (2-10) is satisfied (Refer to Chapter 
2 for more details on EFM). 
Step 7. Proceed to fail more elements using steps 3 to 6 until the desired number of 
failed elements is reached. 




Our code was later tested by repeating the 2-D stress analysis problem (without any 
damage) in an example given in the book by Smith and Griffiths [2004]. The nodal 
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Figure 3-1: Flowchart of our FE code using the EFM and SIFT (Details of steps 1 to 
9 are given in Section 3.2) 
No 
Proceed to fail 
more elements 
until the desired 
number of failed 
elements is 
reached 
Reads in geometry of FE mesh and 
boundary condition (Steps 1 and 2) 
Performs finite element analysis 
to obtain strains (Step 3) 
Apply SIFT to determine next 
element to fail (Step 4) 
Check convergence 
of solution 
Apply external forces on 
nodes of failed element(s) 
Solves for new internal 
nodal forces of failed 
elements 
Apply element-failure method (Step 6) 
Yes 
Continue to 
iterate (Step 7) 
Plot damage pattern using 
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Our FE code can be made more general by using other failure criterion such as Tsai-
Wu failure theory instead of SIFT, by replacing the SIFT subroutines with 
appropriate Tsai-Wu subroutines. In this case, elemental stresses instead of strains 
are computed and the Tsai-Wu equation in equation (2-12b) is used to determine an 
element that has failed. Likewise, the EFM can also be replaced by another damage-
modeling technique such as the material property degradation method (MPDM). In 
this case, selected material properties of failed elements are modified. This affects 
the elemental stiffness matrix and the global stiffness matrix must be reformulated 
as the damage progression is modeled.  
 
The flowchart of a more general code is illustrated in Figure 3-2. This general FE 
code is useful for comparing different failure theory or damage-modeling technique. 
For example, in Chapter 4, we use the code to generate damage progression patterns 
for a composite laminate loaded under three-point bend. There, a set of damage 
pattern is generated using the EFM with SIFT, while a second set is generated using 
MPDM with SIFT. The two patterns are compared with experimental observations 
to determine whether EFM or MPDM is a more suitable damage-modeling 
technique for that problem. 
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No 
Reads in FE mesh, boundary 
condition and load condition 
Performs stress analysis using the 
finite element method 
Apply failure criterion to predict 
damage: 
 
Choice of SIFT or Tsai-Wu failure 
theory 
Apply damage-modeling technique 
to failed elements  
 






Proceed to fail 
more elements 
until the desired 
number of failed 
elements is 
reached 










Chapter 4: Application of the EFM to a Three-point Bend Analysis 
 
Modeling Damage in Composites Using the Element-Failure Method 64 




In this chapter, we illustrate the use of the element-failure method (EFM) in the case 
of progressive damage analysis of a composite laminated beam under quasi-static 
three-point bend. The EFM has been implemented in an in-house two-dimensional 
plane strain FE code in Chapter 3. The first section describes the experiments that 
are performed to obtain the experimental damage progression pattern. The second 
section discusses the damage patterns generated using the in-house FE code and 
validation with experimental data.  
 
 
4.1 Three-point Bend Experiment 
4.1.1 Experimental Procedure 
 
Fibredux T800H/924C composite prepreg with fiber volume fraction fV = 66% is 
thawed for 24 hours before being stacked into a lay-up of [ 33333 0/90/0/90/0 ]. The 
laminated plate is then cured in an autoclave at °180  and pressure of 7 bar for 2.5 
hours, according to the manufacturer’s specifications. Test coupons, each measuring 
26 mm wide, 130 mm long and 2.14 mm thick, are cut from the laminate with a 
diamond circular saw. Their edges are polished with sandpaper and their surfaces are 
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inspected for defects. Void content and damage due to cutting are found to be 
negligible. 
 
The set-up of the three-point bend test is shown in Figure 4-1. Each test coupon is 
simply-supported on two cylindrical rollers placed 120mm apart, while compressive 
load is applied at its midspan through another cylindrical pin at a constant 
displacement rate of 5 mm/min using an Instron universal testing machine. 
Diameters of the loading and support pins are both 8mm for each pin. Rubber pads 
are placed between the test coupon and the loading pin to prevent premature local 
crushing of the coupon. The orientation of the fiber in the coupon is such that the °0  
fiber direction is along the span wise direction while the °90 direction is in the 
transverse width direction. 
 
A total of three test coupons have been used and they were loaded to ultimate failure 
(i.e. the coupon splits into two separate pieces). The entire damage progression of 
each test is captured on a digital video camera. A close-up view of damage is 
required at the loading region because of the small thickness of the coupon (Figure 
4-1b). The force-displacement curve is recorded and the failed coupons are 
examined under the microscope to obtain more information on the local damage 
modes. 
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(b) Experimental set-up 
 






























Layup of coupon 
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4.1.2 Experimental Damage Patterns and Observations 
 
Consistent damage patterns were obtained among the three test coupons. The 
damage pattern is symmetric about the loading axis and the schematic of the damage 
progression (as seen through the thickness of the specimen) is shown in Figure 4-2a. 
Here, the layer numbers are referred consecutively from the top surface where each 
layer consists of three plies of unidirectional tape. The chronological order of 
damage events can be described in four stages as follows: 
 
 
Stage 1: The first sign of damage was observed in the form of local matrix-
cracking and fiber-breakage of the first °0  plies near the point of load 
application (Figure 4-2b).  
 
Stage 2: Shortly after the maximum load of 1.94 kN was attained (averaged over 
three coupons), damage propagated rapidly, corresponding to the onset 
of the first delamination at the interface between the first ( °0 ) and 
second ( °90 ) layers (Figure 4-2b). The crushing in the top layer 
becomes more extensive as the delamination grows. 
 
Stage 3: This was rapidly followed by the initiation and growth of the second 
delamination at the interface between the third ( °0 ) and fourth ( °90 ) 
layers. After the second delamination had propagated some distance to 
the right, it kinked into the fourth ( °90 ) layer and continued along the 
interface with the fifth ( °0 ) layer (Figure 4-2b). 
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A sample of the force-displacement curves is given in Figure 4-3. All the force-
displacement curves from the three test coupons demonstrate the same 
characteristics (refer to Appendix A) i.e. there are two peaks that correspond to the 
onset of the first and second delaminations respectively.  
 
The load values at the first peak (i.e. the onset of the first delamination) for the three 
test coupons are: 
 
Test coupon no. 1 = 2.23 kN 
Test coupon no. 2 = 1.67 kN 
Test coupon no. 3 = 1.92 kN 
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Figure 4-2: Damage pattern of a [ 33333 0/90/0/90/0 ] laminated composite beam 
under a three-point bend load. 
 
(a) Schematic damage pattern in the loading region. Only half of the specimen is 
shown as the damage pattern is symmetric about the loading axis. 
Load 
Layer 1 (0°) 
Layer 3 (0°) 
Layer 5 (0°) 
Layer 2 (90°) 
Layer 4 (90°) 
(b) Stage 1 damage (i.e. occurrence of matrix 
cracks and fiber breakage) and Stage 2 damage 
(i.e. occurrence of first delamination) 
(c) Stage 3 damage (i.e. occurrence 







 90°  
 90°  
 0°  
 0°  
 0°  
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The observed damage progression pattern described above may be dependent upon 
the size of the loading roller used (8mm in this case). It is possible that the use of a 
larger diameter loading roller could prevent the localized crushing failure of the first 
plies and affect the subsequent development of the delaminations. However, we did 
not vary the size of the loading roller, and therefore, could not comment on how the 
damage pattern will differ with the current one.  
 
In addition, post failure examination of the three test coupons show that the failure 
pattern does not vary significantly from one edge to the other through the width 
direction. This shows that the transverse component is not that important in the 
failure process. Hence, we can perform a 2-D analysis for this problem in the next 
section.  
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Figure 4-3: Force-displacement curve of a [ 33333 0/90/0/90/0 ] laminated 
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4.2 Damage Progression Pattern Predictions from FE Code 
 
In this section, we use our implicit FE code (that is developed in Chapter 3) to 
generate damage progression patterns for the [ 33333 0/90/0/90/0 ] laminated 
composite beam problem. The FE model is shown in Figure 4-4. Due to symmetry 
in the geometry of the test coupon and applied loading, only half of the test coupon 
is modeled. Each layer of the laminate (consisting of three unidirectional plies of the 
same orientation) is modeled with four rows of square eight-node quadrilateral 
plane-strain elements. The fine mesh is necessary to capture the interlaminar stresses.  
 
The graphite/epoxy composite material properties used in the FE model are given in 
Table 4-1. These values were obtained from Gosse et al. [submitted for publication] 
where subscript 1 of the material properties refers to the fiber direction while 
subscripts 2 and 3 are along the transverse to fiber directions. The contact (i.e. 
rubber padding) between the loading pin and composite laminated beam is 5mm 
thick and is modeled with elastic properties of hard rubber MPaE 4=  and 
5.0=υ while the pin support is assigned with elastic properties of steel 
GPaE 210=  and 3.0=υ . Values of hard rubber and steel were obtained from 
Metal Reference Book [Smithells C J, 1976].  
 
Chapter 4: Application of the EFM to a Three-point Bend Analysis 
 
Modeling Damage in Composites Using the Element-Failure Method 73 
 








































Pinned condition at 
support, 0=yu  
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Table 4-1: Material properties of graphite/epoxy composite used in FE model. 
Material Properties Values 
Modulus in fiber direction, 1E  (GPa) 161.30 
Transverse moduli  32 , EE  (GPa) 8.3 
Shear moduli 1312 , GG  (GPa) 5.16 
Shear moduli 23G  (GPa) 3.38 
Poisson’s ratios 12ν = 13ν  0.24 
Poisson’s ratio 23ν  0.3 
Thermal expansion coefficient in fiber direction 1 ( C°/ ) 0.01 610−×  
Thermal expansion coefficient in transverse directions 32.7 610−×  




Load in the form of displacement is prescribed at the top left hand corner of the FE 
mesh. The displacement is incremented slowly until the first element is failed. The 
thermal-induced strains in the composite laminates due to the fabrication process are 
accounted in the subroutine on SIFT. The temperature difference between the cure 
temperature of 180 C°  and room temperature of 25 C°  is CT °=∆ 155 .  
 
Five attempts at predicting the damage progression patterns with different 
combinations of damage-modeling methods and failure theories were made (Table 
4-2). The x -direction is defined along the horizontal or spanwise direction, while 
the y -direction is the out-of-plane direction.  
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Our main objective here is to evaluate the element-failure method (i.e. case EFX of 
Table 4-2) and compare it with traditional damage-modeling method – material 
property degradation method, MPDM. This is achieved by first validating the 
damage pattern in case EFX with experimental observations and later comparing it 
with the results obtained using different material degradation schemes of MPDM (i.e. 
cases MPD_1, MPD_2 and MPD_3). Since SIFT is also relatively new, it is later 
compared with the well-established Tsai-Wu failure theory by comparing the 
damage patterns of case EFX with case EFX_TW. 
 
 
Table 4-2: Damage-modeling methods and failure theories for prediction of damage 
progression. 
Case Damage-modeling method Failure theory 
EFX*+ Element-failure with x-direction nodal forces zeroed SIFT 
MPD_1* Material property degradation with xE  reduced to 30% of 
its original value. 
SIFT 
MPD_2* Material property degradation with xE , xyG  and xzG  
reduced to 30% of their original values. 
SIFT 
MPD_3* Material property degradation with xE , xyG  and xzG  
reduced to 1% of their original values while xyv  and xzv  
are reduced to 0.05. 
SIFT 
EFX_TW+ EFM where x-component of nodal force is reduced to zero Tsai-Wu 
 
* Cases used to compare damage-modeling methods 
+ Cases used to compare failure theories 
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4.2.1 Case EFX - Damage Pattern Predicted using the EFM with SIFT 
4.2.1.1 Modeling Strategy 
 
The EFM is studied where the x-direction nodal forces are zeroed. This rather simple 
nodal force reduction scheme by EFM is acceptable because the primary load-
bearing mechanism for this three-point bend problem is bending, where the bending 
stresses are mainly oriented in the horizontal or spanwise direction. For problem 
involving more general and complicated composite structures, a more sophisticated 
nodal force reduction scheme will be necessary. Nevertheless, it would be 
interesting to see if the use of such simple force-reduction scheme in this simulation 
is adequate in describing the effects of damage on composite laminates. 
 
Failure is determined using strain-invariant failure theory (SIFT). The critical values 
of the strain invariants used are CritJ1 = 0.0230, 
f
vmCrit =0.0182 and 
m
vmCrit =0.1030. 
These values are obtained from Gosse [Gosse, 2002] based on experimental testing 
of unidirectional composite laminates IM7/977-3 with a fiber volume ratio of 60 %. 
We use the same critical values in our damage predictions although our laminated 
composites for this three-point bend problem are not strictly the same composition 
and have a different fiber ratio (our test coupons are manufactured using Fibredux 
T800H/924C composite prepreg with a fiber volume fraction of 66%). In addition, 
we have used 3-D SIFT parameters for the 2-D plane strain problem here. This is 
acceptable because post failure examination of test coupons revealed that the failure 
pattern does not change much in the width direction, thus justifying the use of a 2-D 
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analysis. This is also due to the fact that the beam has a cross-ply lay-up. However, 
in general, most problems would indeed require a full 3-D analysis. 
 
 
4.2.1.2 Results and Observations 
 
 The damage progression pattern predicted by EFM and SIFT is shown in Figure 4-5. 
A total of 100 elements are failed and the order of failure is numbered in Figure 4-6. 
When the predicted sequence is compared with that of the experimental damage 
pattern (Figure 4-2), it is observed that the combination of the EFM and SIFT is able 
to predict correctly the initial local crushing of the top °0  layer (Figure 4-5a), the 
occurrence of the first major delamination at the interface between the first ( °0 ) and 
second ( °90 ) layers, as well as the extensive crushing in the top layer as damage 
progresses (Figure 4-5c). The onset of the second delamination (Figure 4-5e) is also 
predicted although the prediction of its location at the interface between the fourth 
( °0 ) and fifth ( °90 ) layers is different from experimental observations.  
 
It is observed that the second delamination has initiated at a location unrelated to the 
rest of the main damage pattern. A look at the strain contours (Figure 4-7) prior to 
the onset of second delamination reveals that the maximum shear strain xyγ  is 
located at the interface between the fourth ( °0 ) and fifth ( °90 ) layers and this value 
is about three times and five times higher than the maximum values of the in-plane 
normal strains xxε  and yyε respectively. This suggests that the initiation of the 
second delamination was driven by a dominant shear strain.  
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In addition, the location of the second delamination is predicted differently from the 
experimental observations. This may be due to a significant redistribution of stresses 
as more elements are failed in the damage progression process. In this case, the 
current nodal force reduction scheme (that zeroes only the x-component of nodal 
forces) is no longer expected to be adequate in describing the effects of such 
extensive damage. Nevertheless, the overall agreement with experimental data is 
remarkable, given the rather simple and conservative nodal force reduction scheme 
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Figure 4-5(a)-(f): Case EFX - EFM predicted damage and delamination progression 
with CritJ1 = 0.0230, 
f
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Figure 4-7(a)-(c): Strain contours plots prior to the onset of second delamination. 
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4.2.1.3 Correlation of Details of Damage Pattern with SIFT Parameters 
 
The first element to fail is determined by SIFT to have occurred when the prescribed 
displacement is 4.5mm. This corresponds to a predicted load of 2.14kN, compared 
to the experimental load of 1.95kN. No further increment in displacement is required 
as the normalized strain invariant values of all the subsequent failed elements are 
above 1.0 (Figure 4-8). This suggests that failure, once initiated, is unstable and 
proceeds to final failure. This observation agrees well with experiment.  
 
As failure is predicted by SIFT through the criticality of three strain invariants (refer 
to the methodology of SIFT in Chapter 3), the failed elements in Figure 4-5 and 
Figure 4-6 are color-coded to indicate the strain invariant that has become critical. It 
is observed that much of the local crushing in the first layer is due to 1J  (red) and 
m
vm  (blue), while the two delaminations are dominated by fvm  (green). This implies 
that the initial damage (i.e. the localized crushing of the top plies) of the composite 
beam is dominated by dilatational and distortional deformation in the matrix phases. 
Subsequent damage in the form of two major delaminations is mainly dominated by 
distortional deformation in the fiber phases of their respective plies.  
 
Further information regarding damage at the constituent fiber and matrix phase level 
can be presented in the form of a chart in Figure 4-9. The vertical axis provides the 
following information: The first letter (H, S or D) denotes the type of fiber-packing 
patterns (i.e. Hexagonal, Square or Diamond) where the critical invariant has been 
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found. The information in brackets denotes the locations at the fiber or matrix phase 
in the fiber-packing pattern defined according to Figure 2-9 in Chapter 2. The 
designation xx , xy  or yy  refers to the component of the local mechanical strain xx , 
yy  or xy  (extracted from the micromechanical enhancement of global strains) that 
provides the largest contribution to the calculated invariant value. The positive or 
negative sign corresponds to the sign of this dominant strain component. Finally, a 
color bar just above the horizontal axis indicates the fiber orientation of the layer in 
which the failed element is located; i.e. grey indicates a °0  layer while black a °90  
layer.  
 
The chart in Figure 4-9 can be interpreted together with the numbered damage 
progression pattern in Figure 4-6 as follows: the initial failure due to local crushing 
(i.e. for the 3rd to 9th element) is due to mvm  (Figure 4-6) and is labeled “S(IF2)-xy” 
in Figure 4-9. This means that the matrix phase of these elements has undergone 
irreversibility and the damage is localized at inter-fiber location IF2 of the matrix 
phase within a square fiber-packing array. The critical invariant mvm  is dominated by 
shear strain xy  and the color bar indicates that this occurs in the °0  layer. As the 
damage progresses, the first delamination at the interface between the first ( °0 ) and 
second ( °90 ) layers (dominated by fvm  in Figure 4-6) is labeled “D(F9)-xy” ” in 
Figure 4-9. This means that the fiber phase has suffered some irreversibility and the 
damage is localized at fiber location F9 within a diamond fiber-packing array. The 
critical invariant fvm  is dominated by shear strain xy .  
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The growth of the first delamination is accompanied by extensive matrix-crushing of 
the top layer. This extensive crushing (e.g. in 35th to 40th element) is dominated by a 
critical 1J  in Figure 4-6 and is labeled “H(IF1)+yy” in Figure 4-9. This means that 
the matrix phase of these elements has undergone irreversible dilatational 
deformation and the damage is localized at inter-fiber location IF1 of the matrix 
phase within a hexagonal fiber-packing array. Finally, the second delamination that 
occurs at the interface between the fourth ( °0 ) and fifth ( °90 ) layers is predicted to 
be due to fvm  (for the 73th to 100th element in Figure 4-6) and is labeled “D(F9)+xy” 
in Figure 4-9. Similar to the first delamination, damage has occurred at fiber location 
F9 in the fiber phase within a diamond fiber-packing array and the critical invariant 
is dominated by shear strain xy . This finding is consistent with the strain contour 
plots in Figure 4-7 which show that the onset of second delamination is driven by 
high shear strain. This suggests that the use of SIFT parameters is able to correlate 
well with damage pattern.  
 
It is noted that the failed elements have been color-coded to indicate the strain 
invariant that has the biggest value. It is found that some of the failed elements have 
all their three strain invariants values greater than 1.0. For such elements, both its 
matrix and fiber phases have suffered an irreversibility and damage is no longer 
confined to just a single phase as indicated by the critical strain invariant. 
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Figure 4-8: Normalized strain invariants and damage progression with 
CritJ1 = 0.0230, 
f





Figure 4-9: SIFT micromechanics-based details and damage progression with 
CritJ1 = 0.0230, 
f
vmCrit =0.0182 and 
m
vmCrit =0.1030. 
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4.2.1.4 SIFT Parametric Studies 
 
The critical strain invariant values obtained from Gosse [submitted for publication] 
are based on experimental testing of unidirectional composite laminates IM7/977-3 
with a fiber volume ratio of 60 %. We use the same critical values in our damage 
prediction in Figure 4-5 although our laminated composites for this three-point bend 
problem are not strictly the same composition and have a different fiber ratio (i.e. 
Fibredux T800H/924C with a fiber volume of 66 % in our case). 
 
Since the critical strain invariants are the effective properties of composites, their 
values might be dependent on fiber volume ratio. We wish to see how sensitive our 
results are with variations in the critical SIFT values. A parametric study is thus 
performed and the cases investigated are summarized in Table 4-3. The results from 
case EFX_1 have already been presented in Figure 4-5 to Figure 4-9, and they 
represent a good correlation with experimental observation. With respect to the set 
of critical strain invariant values used in case EFX_1, each of the critical strain 
invariant values is then increased or decreased up to 25%, or until a significant 
change in the predicted damage pattern is found.  
 
The damage progression patterns for case EFX_2 to case EFX_4 are given in Figure 
4-10 to Figure 4-12. In case EFX_2, there are only significant changes in the 
damage progression when CritJ1  is increased by 19% (Figure 4-10) whereas a 
decrease of 10% has no effect on the damage prediction. Although the local crushing 
and the first delamination are predicted correctly when CritJ1  is increased, failure 
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progresses in a vertical direction across layers and the second delamination is not 
predicted. The damage pattern is therefore rather sensitive to an increase in CritJ1 .  
 
For case EFX_3, slight change in damage pattern is observed when fvmCrit  is 
decreased by 10%, but no further change is reported when fvmCrit  is reduced by up to 
25% (Figure 4-11). These changes are almost insignificant when compared to case 
EFX_1. On the other hand, an increase of 20% fvmCrit  has no effect on damage 
prediction. Hence, damage prediction is very robust with respect to fvmCrit .  
 
Finally for case EFX_4, there is no change in damage prediction when mvmCrit  is 
increased by 20% whereas there is slight changes in damage pattern when mvmCrit  is 
decreased by 22% (Figure 4-12). Local crushing and the first delamination are 
predicted, with a slight indication of second delamination. Beyond that, the 
predicted damage pattern departs considerably from experimental observation as 
failure in a vertical direction across layers is predicted. Hence, based on the above 
observations, it may be concluded that damage pattern prediction is reasonably 
robust within ±  18% of the critical strain invariant values, with the greatest 
sensitivity due to CritJ1 , followed by mvmCrit  and 
f
vmCrit . This is because the changes 
in the damage pattern are the most significant when CritJ1  is increased by 19%, 
while the least changes are reported when fvmCrit  is decreased from 10% to 25%. 
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Table 4-3: Summary of the sensitivity of damage pattern predictions to critical strain 



















Results are in good agreement with experimental 
observations. 
 




Changes in damage pattern when CritJ1  is increased 
by 19%. There is no change in prediction when 
CritJ1  is decreased by 10%. 




Minor changes in damage pattern when fvmCrit  is 
decreased by 10%. There is no change in prediction 
when fvmCrit  is increased by 20%. 




Changes in damage pattern when mvmCrit  is 
decreased by 22%. There is no change in prediction 
when mvmCrit  is increased by 20%. 
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Figure 4-10(a) to (e): Case EFX_2 - Significant change in damage progression 
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Figure 4-11(a) to (e): Case EFX_3 - Slight change in damage progression pattern 
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Figure 4-12(a) to (e): Case EFX_4 - Changes in damage progression pattern when 
m
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The damage pattern by EFM and SIFT correlates well with experiment despite the 
rather simple nodal force reduction scheme used. The interpretations of Figure 4-6 
and Figure 4-9 also demonstrate the wealth of information that the use of SIFT can 
provide on the damage process in the micromechanical level. Although SIFT is a 
new failure theory, the information it provides on the damage modes for the three-
point bend problem studied here does agree with experimental data reasonably well. 
In addition, the damage patterns in Figure 4-10 to Figure 4-12 from the parametric 
studies reveal that the damage prediction by SIFT is reasonably robust ( ±  18% of 
the critical strain invariant values, with the greatest sensitivity due to CritJ1 , followed 
by mvmCrit  and 
f
vmCrit ). This is because the changes in the damage pattern are the most 
significant when CritJ1  is increased by 19%, while the least changes are reported 
when fvmCrit  is decreased from 10% to 25%. 
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4.2.2 Case MPD – Damage Pattern Predicted using MPDM and SIFT 
 
The same critical strain invariant values for Case EFX are used here (i.e. CritJ1 = 
0.0230, fvmCrit =0.0182 and 
m
vmCrit =0.1030). Once damage is predicted by SIFT, 
selected material properties are degraded using various material property 
degradation schemes in Table 4-2. The subscript x of the material properties refer to 
the global x-direction (i.e. spanwise direction).  For example, for the °0  ply, xE , yE  
and xyG  refer to 1E , 2E  and 12G  respectively while for the °90  ply, xE , yE  and 
xyG  refer to 2E , 3E  and 23G  respectively. 
 
We choose to modify only the x-related component of material properties because 
the primary load-bearing mechanism for this three-point bend problem is bending, 
where the bending stresses are mainly oriented in the horizontal or spanwise 
direction. It is noted that none of the material properties are reduced to zero in order 
to avoid ill-conditioning of the elemental stiffness matrix of the damaged element.  
 
The damage progression patterns for cases MPD_1 to MPD_3 (Table 4-2) are shown 
in Figure 4-13 to Figure 4-15 and the results are summarized in Table 4-4. The 
results employing different degradation schemes in MPDM are different from each 
other and from the experimental results in Figure 4-2. It is observed that changing 
certain material properties can affect the results in dramatic ways. For example, 
comparing the damage patterns of case MPD_1 (Figure 4-13) and case MPD_2 
(Figure 4-14), yE  and xyG  have negligible influence on damage prediction.  
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On the other hand, the damage pattern is sensitive to changes in xE  as the damage 
pattern of case MPD_3 (Figure 4-15) differs drastically from that of MPD_1 (Figure 
4-13) and MPD_2 (Figure 4-14). In fact, only case MPD_3 seems to be in a slightly 
better agreement with experimental observations as the initial damage in the top ( °0 ) 
layer is predicted. This suggests that for the three-point bend problem studied here, 
xE  does play a major role in the damage progression pattern since xE  needs to be 
reduced to 1% of its original value (i.e. Figure 4-15) in order to avoid the 
“triangular-shaped” patterns in Figures 4-13 and 4-14.  
 
However, if we compare the damage patterns obtained with the MPDM (Figures 4-
13 to 4-15) to that obtained with the EFM (Figure 4-5), it is observed that there is 
better qualitative agreement with the experimental damage pattern when the EFM is 
used. This suggests that for the three-point bend problem studied, the load-bearing 
capability of the composite beam is most probably compromised in the x-direction 
only and thus, the degradation scheme of case MPD_3 might be too “strict” as xzG  
and xyG  were modified. This also brings up some questions regarding the 
degradation schemes of MPDM – What are the “right” material properties to 
degrade? Is it possible to use the MPDM to yield the same damage pattern 
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Table 4-4: Summary of final damage patterns predicted by various degradation 




Case Degradation schemes of MPDM Final damage pattern 
 
MPD_1 








xE , xyG  and xzG  are set to 1% of 
their original values; xyv  and xzv  
reduced to 0.05. 
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Figure 4-13: Case MPD_1 - MPDM predicted damage progression with only xE  set 
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Figure 4-14: Case MPD_2 - MPDM predicted damage progression with xE , xyG  
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Figure 4-15: Case MPD_3 - MPDM predicted damage progression with xE , xyG  
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4.2.3 Case EFX_TW – Damage Pattern Predicted using the EFM with Tsai-
Wu Failure Theory 
 
Due to the modular structure of our FE code, the EFM can be used with any other 
suitable failure theories besides SIFT. In this study, we use the EFM with Tsai-Wu 
failure theory instead to predict damage progression. The intention is to compare the 
results using the recently developed SIFT with the well-established Tsai-Wu failure 
theory. 
 
A 2-D plane stress Tsai-Wu failure theory is used to predict damage. The strengths 
of composite lamina are taken as TX =1500 MPa, CX = -1500 MPa, TY =40 MPa, 
CY =-246 MPa and S = 68 MPa. These values are obtained from Chamis [Chamis, 
1987] based on experimental analysis of coupon tests of unidirectional composite 
laminae T300/5208 with a fiber volume fraction fV = 60%. We use the same 
strength values here although our composite coupons used in this three-point bend 
problem are not strictly the same composition and have a different fiber ratio (our 
test coupons are manufactured using Fibredux T800H/924C composite prepreg with 
a fiber volume fraction of 66%). The same nodal force modification scheme for case 
EFX (Table 4-2) is used here; the nodal forces in the global x-direction (i.e. 
spanwise direction) are zeroed once damage is predicted within the element.  
 
The resulting damage progression pattern is shown in Figure 4-16. The damaged 
elements are shaded grey. It is observed that the damage pattern by EFM and Tsai-
Wu failure theory does not correlate well with the experimental pattern in Figure 4-2 
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as only the initial local crushing of the top °0  layer (Figure 4-16a) is predicted. The 
Tsai-Wu failure theory, together with the EFM, appears to be unsuitable for this 



























Figure 4-16(a) to (e): Case EFX_TW - Predicted damage progression using EFM 
and Tsai-Wu failure theory. 
°0 layer 
°90 layer 
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4.3 Conclusions 
 
The progressive analysis of [ 33333 0/90/0/90/0 ] laminated composite under a 
three-point bend load is studied. Experiments are first performed to obtain the 
damage pattern. Damage progression patterns are later generated using in-house 2D 
implicit FE code, using different combinations of damage-modeling methods and 
failure theories. A summary of these damage patterns is given in Table 4-5.  
 
It is observed from Table 4-5 that there is better qualitative agreement with 
experimental observations when the EFM is used with SIFT (i.e. case EFX). The 
different degradation schemes in MPDM (i.e. MPD_1, MPD_2 and MPD_3) predict 
different results from each other and from the experimental results. It also appears 
that the Tsai-Wu failure theory is unsuitable for this three-point bend problem as the 
result (i.e. case EFX_TW) does not correlate well with experimental observations. 
 
In summary, for the three-point bend problem studied here, it appears that the use of 
the EFM with the micromechanics-based SIFT is the most suitable combination for 
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Table 4-5: A comparison of experimental damage pattern and the damage patterns 
predicted using different combinations of damage-modeling methods and failure 
theories. 






Final damage pattern predictions 
EFX*+ Element-failure with x-direction 
nodal forces zeroed 
SIFT 
 
MPD_1* Material property degradation 




MPD_2* Material property degradation 
with xE , xyG  and xzG  




MPD_3* Material property degradation 
with xE , xyG  and xzG  
reduced to 1% of their original 
values while xyv  and xzv  are 
reduced to 0.05. 
SIFT 
 
EFX_TW+ EFM where x-component of 




* Cases used to compare damage-modeling methods 
+ Cases used to compare failure theories 
 
Layer 1 (0°) 
Layer 3 (0°) 
Layer 5 (0°) 
Layer 2 (90°) 
Layer 4 (90°) 
Load 
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In this chapter, we compare the finite element (FE) formulation of the element-
failure method (EFM) with the material property degradation method (MPDM). The 
finite element formulations of the two methods are first re-examined to study the 
relationship between nodal forces and material stiffness properties. We will 
demonstrate the limitations of MPDM and show that the EFM is a more general and 
versatile method than MPDM. 
 
 
5.1. Relationship between Nodal Forces and Material Stiffness Properties 
 
The force-stiffness relation for a finite element is given by [Smith and Griffiths, 
2004]: 
  






T ∂=  CBBK    (5-2) 
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is the elemental stiffness matrix of undamaged material, integrated over the domain 
Ω , B is the strain operator, C is the material stiffness matrix, u  is the vector of 
nodal displacements, and f  is the vector of nodal forces.  
 
For a two-dimensional (2-D) plane stress or plane strain problem, the material 






















C  (5-3) 
 
where the material stiffness coefficients ijC  are related to engineering constants 
21 E,E , 12  and 12G . The general three-dimensional (3-D) relationship between ijC  
and the engineering constants is given in Appendix B. In the case of a unidirectional 
composite material, subscript 1 of engineering constants refers to the axial fiber 
direction while subscripts 2 and 3 are the two transverse to fiber directions.  
 



























B  (5-4) 
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the derivatives of the shape functions iN  with respect to the global x  and y  
coordinates, respectively.  
 
Substituting the expressions of C  and B  from equations (5-3) and (5-4) 
respectively into equation (5-1), the matrix form of force-stiffness relation in 
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{ } [ ]Tyixii uu=u , for mi,j ,1,2,= . (5-6) 
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where m,j ,1,2 = . 
 
 



















































where m,j ,1,2 = .  
 
 



















































where m,ji ,1,2, = .  
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where m,j ,1,2 =   
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where m,j ,1,2 = .  
 
 



















































where m,ji ,1,2, = .  
 
 
Although the nodal force expressions in equations (5-10) and (5-14) are valid for 2-
D only, the extension to 3-D is similar and straightforward. Analogous to equations 
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(5-10) and (5-14), the force-stiffness relation in equation (5-1) can also be expressed 
in terms of stiffness coefficients ijC  as:  
 
fuK =   




uKf =   





Equations (5-10), (5-14) and (5-15) show the relationship between nodal forces and 
the material stiffness properties. In the MPDM, the reduction of load-bearing 
capability of a damaged element is simulated by reducing selected engineering 
constants or stiffness coefficients ijC . It is evident from the equations (5-10) and (5-
14) that in the MPDM, a change in ijC  will result in a corresponding change in the 
nodal forces. On the other hand, in the EFM, a partial loss of load-bearing capability 
in a failed element is described through the direct manipulation of elemental nodal 
forces only. This is the main difference between the EFM and MPDM.  
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5.2. Differences between the EFM and MPDM 
 
The nodal force expressions in equations (5-10) and (5-14) show that a reduction in 
load-bearing capability (when either ijC  or engineering constants are modified) will 
result in a reduction in the nodal forces xf  and yf . A closer examination of these 
expressions reveals the following: 
 
 
1. It is possible to prescribe a zero xf  without affecting yf  and vice versa with 
EFM, but not an equivalent with MPDM. 
 
Equation (5-10) shows xf  to be a function of three stiffness coefficients 11C , 12C  
and 66C . This implies that in MPDM, all the values of 11C , 12C  and 66C  must be 
reduced to zero in order to represent a zero xf  state. Similarly, equation (5-14) 
shows yf  to be a function of 12C , 22C  and 66C . This again implies that in MPDM, 
all the values of 12C , 22C  and 66C  must be reduced to zero in order to represent a 
zero yf  state. However, as the expressions of xf  and yf  are both functions of 12C  
and 66C , a change to either 12C  or 66C  will modify both xf  and yf . In this case, it is 
not possible to describe a zero xf  state in MPDM without affecting yf  and vice 
versa. 
 
In addition, we will show in the following subsection that ijC  cannot be reduced to 
zero in MPDM as this will result in a singular elemental stiffness matrix K. This 
Chapter 5: A Comparative Study of the EFM and the MPDM 
 
Modeling Damage in Composites Using the Element-Failure Method 113 
implies that in MPDM, xf  and/or yf  can never be reduced to zero. Unlike the 
MPDM, the use of EFM is not governed by ijC . Hence, in EFM, it is possible to 
prescribe a zero xf  without affecting yf  and vice versa. This advantage of the EFM 
has been illustrated in Chapter 4 where it is applied to model progressive damage in 
a laminated composite beam subjected to a three-point bend load.  
 
 
2. In MPDM, the stiffness coefficients ijC  or engineering constants must be 
reduced to finite values so that matrix K stays non-singular.  
 
In the MPDM, a reduction in the load-bearing capability of a damaged element is 
described by degrading either the element’s stiffness coefficients ijC  or some of its 
engineering constants 1E , 2E , 3E , 12 , 13 , 23 , 12G , 13G  and 32G . Since the 
elemental stiffness matrix K in equation (5-6) is a function of the stiffness 
coefficients ijC , we have to ensure that the degraded elemental stiffness matrix dK  
stays non-singular i.e. its determinant remains positive, in order to ensure a solution. 
Referring to equation (5-2), this in turn requires the degraded material stiffness 
matrix dC  to be non-singular. 
 
From equation (5-3), the degraded stiffness matrix dC  now takes the form: 

























C  (5-16) 
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where dC11 , 
dC12 , 
dC22  and dC66  are the degraded material stiffness coefficients. 
 
 
The values of the degraded material stiffness coefficients dC11 , dC12 , dC22  and dC66  
must be finite and are bounded by the following equations [ABAQUS/Standard 
User’s Manual version 6.3]: 
 
0,, 662211 >




ddd CCC 221112 <  (5-17) 
 
 
Likewise, since the material stiffness coefficients are functions of engineering 






23ν  and 
dG12  
must be finite values which are bounded by the following equations 
[ABAQUS/Standard User’s Manual version 6.3]: 
 
0,,,,, 231312321 >









12 < , 
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=  for 3,2,1, =kl . (5-18) 
 
 
Equations (5-17) and (5-18) show that the degraded stiffness coefficients dijC  and 
the degraded engineering constants must be reduced to finite values in order for the 
degraded elemental stiffness matrix dK  in the MPDM to be non-singular. If these 
equations are violated, finite element analysis cannot be performed. In addition, 
these equations implied that in the MPDM, it is not possible to reduce xf  and/or yf  
from equations (5-10) and (5-14) to zero as this will require dC11 , dC22  and dC66  to be 
reduced to zero.  
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As for the EFM, neither the engineering constants nor the stiffness coefficients ijC  
are modified. Hence, in the EFM, it is possible to prescribe a zero xf  without 
affecting yf  and vice versa. In addition, we will show in the next section that the 
EFM is a more general technique than the MPDM as it is possible to formulate EFM 
to produce the same results with the MPDM. 
 
 
3. The convergence of a finite element solution is always guaranteed in the 
EFM. A solution may not necessarily exist in the use of the MPDM.  
 
Equations (5-17) and (5-18) are essentially the conditions that the use of the MPDM 
must satisfy in order to ensure that the degraded elemental stiffness matrix dK  stays 
non-singular. These equations are also termed “material stability equations” in this 
chapter as they involve the material properties of the element.  If these equations are 
violated, then finite element analysis is not carried out and hence a solution is not 
obtained. No such equation exists in the EFM since the material properties are not 
modified. Hence, the convergence of a solution is always guaranteed in the EFM 
while a solution may not necessarily exist in the use of the MPDM.  
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5.3. Formulating the EFM to Produce the Same Results as MPDM 
 
We have seen from the previous section that there are cases where the EFM is used 
to simulate a particular reduction in load-bearing capability which MPDM is unable 
to. In this section, we will show that the EFM is a more general technique than 
MPDM as it can be formulated to reproduce all the results by MPDM while the 
converse is not true. 
 
Suppose a unique solution by MPDM exists, we now wish to find the vector of 
nodal forces that must be applied in EFM in order to achieve the same solution of 
MPDM. In MPDM, the force-stiffness relation of a damaged element is given as 
 
 




MPDMK   is the elemental stiffness matrix which is a function of degraded stiffness 
coefficients dijC , MPDMu  is the vector of nodal displacements and MPDMf  is the force 
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In EFM, the stiffness equation of a failed element at force convergence is given by 
  
EFMappliedEFMEFM ffuK =−  (5-20) 
 
where the magnitude of EFMf  is associated with the extent of damage within a failed 
element and appliedf  refers to the vector of external forces that must be applied to the 
nodes of the failed element in order to achieve convergence to the desired nodal 
forces in EFMf  (refer to the methodology section on EFM in Chapter 2 for more 
details).  
 
Assuming a unique solution *u  exists (i.e. the solution from the use of EFM is 
identical to that from the use of MPDM), i.e. 
 




MPDMEFM ff =  (5-22) 
 
 
Substituting equations (5-21) and (5-22) into equation (5-20), the stiffness equation 
in EFM becomes 
 
MPDMappliedEFM ffuK =−  (5-23) 
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Alternatively, equation (5-23) can be partitioned in terms of degraded stiffness 










66221211* fffffuK +++=−  (5-24) 
 
 
We call equation (5-24) the reformulated force convergence equation of the 
EFM. This equation shows that the EFM can be formulated to produce the same 
results of MPDM, provided a unique solution *u  exists in MPDM. The proof of a 
unique solution is given as follows: 
 
 
Since the stiffness properties in EFM are not modified, the subscript “EFM” in 
equation (5-20) is dropped and  
 
KK =EFM  (5-25) 
 
Using equations (5-19), (5-20) and (5-22), we have 
 
MPDMMPDMappliedEFMEFM uKfuK =−  (5-26) 
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Substituting equations (5-21) and (5-25) into equation (5-26), we have 
 
*)-( uKKf MPDMapplied =  (5-27) 
 
 
Equation (5-27) shows that a unique solution by MPDM does exist, provided 
MPDMK  is not ill-conditioned, i.e. it is non-singular. Used together with equation (5-
24), it shows that the EFM can be formulated to obtain the same solution by MPDM. 
However, the converse is not true (as demonstrated in previous section). Hence, the 
EFM is a more general and versatile method than the MPDM. This statement is 
illustrated in the next section through two numerical examples. 
 
 
5.4. Case Study: The EFM is Formulated to Produce the Results by the 
MPDM 
 
This section looks at an example problem where the reformulated equation of EFM 
(i.e. equation (5-24)) is applied to obtain the same results by MPDM. The three-
point bend problem described in Chapter 4 and the same set of material properties of 
the laminated composite beam are used here. Thermal residual strains are assumed 
to be absent in this problem. SIFT is chosen as the common failure criterion (refer to 
Chapter 2 for more details about SIFT). 
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In the MPDM, selected engineering constants of a damaged element are degraded as 
follows: 11 1.0 EE
d
= , 1212 5.0 GG d = ,  2323 5.0 GG d =  and 1313 5.0 GG d = . The subscript 1 of 
the material properties refers to the fiber direction while subscripts 2 and 3 refer to 
the directions transverse to the fiber. The degraded values are finite in accordance to 
equation (5-18) in order to keep the degraded elemental stiffness matrix dK  non-
singular. The corresponding nodal force reduction scheme in the EFM is then 
worked out using equation (5-24). 
 
The damage progression pattern produced by the EFM is the same as that of MPDM 
(Figure 5-1 and Figure 5-2) where a total number of 100 elements are failed. It is 
observed that both the sequence of element failure (Figure 5-2) and dominant strain 
invariant for each failed element (Figure 5-1) have been predicted correctly by the 
EFM. In addition, the maximum percentage difference between the dominant strain 
values predicted by the EFM and that of the MPDM is just a mere 0.45% (The strain 
invariant values of the first four failed elements are shown in Table 5-1). Based on 
the above observations, the EFM is shown to be able to reproduce results of MPDM 
by using the reformulated equation (5-24). 
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Figure 5-1(a)-(g): MPDM Predicted damage progression with  1E  sets to 10% of its 
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Figure 5-2: Sequence of element failure in MPDM predicted damage progression 
pattern, with 1E  sets to 10% of its original value and 12G , 23G  and 13G  set to 50% 
of their original values. The same element failure sequence is obtained in the 



















2 fvm  0.8083 0.8082 0.00 
3 1J  1.0784 1.0736 0.45 
4 1J  1.4435 1.4378 0.39 
5 1J  1.5391 1.5328 0.41 
 
      
1J  mvm  
f
vm  
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5.5. Conclusions 
 
The basis of the EFM and MPDM is essentially different- the nodal forces are 
modified in the EFM to reflect the general state of damage and loading of damaged 
composite material while in the MPDM, the damage effects are reflected by 
modifying the material properties. The finite element formulations of the EFM and 
MPDM are re-examined to understand the relationship between nodal forces and 




1. In the MPDM, the stiffness coefficients or engineering constants must be 
reduced to finite values (not zero) as defined in equations (5-16) to (5-18). 
This is to avoid ill-conditioning of the stiffness matrix K so that a solution to 
the finite element analysis is assured. As a result, the MPDM can only be 
used to simulate a limited range of stiffness loss in a damaged element. As 
the material properties are not modified in the EFM, there is no such 
limitation in the EFM. 
 
2. The convergence of a finite element solution is always guaranteed in the 
EFM but a solution may not necessarily exist in the use of the MPDM. The 
uniqueness of a solution in the MPDM requires that the degradation of 
material properties satisfy equations (5-16) to (5-18). Since EFM does not 
modify any material properties, the stiffness matrix K in the EFM is always 
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non-singular and thus, convergence to a finite element solution is always 
guaranteed. 
 
3. EFM is able to reproduce the results of the MPDM but the converse is not 
true. Provided MPDMK  is not ill-conditioned, the same solution by MPDM 
can also always be determined by EFM by using the reformulated force 
convergence equation of EFM in equation (5-24). On the other hand, there 
are certain situations in which MPDM is not able to reproduce the results of 
EFM. This is because the coupling between elemental nodal forces and 
material properties in the MPDM (i.e. equations (5-10) and (5-14)) show that 
a change to either 12C  or 66C  will affect both xf  and yf . For example, 
MPDM cannot describe a zero xf  without affecting yf  and vice versa. 
 
 
In conclusion, the above advantages of the EFM over MPDM have shown that the 
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The original contributions and major findings of the thesis are summarized in this 
chapter. This is followed by a list of recommendations for future work. 
 
 
6.1 Contributions and Major Findings 
 
An element-failure method (EFM) is proposed in this thesis in Chapter 2 to account 
for local damage in composite materials. It is based on the approach of nodal force 
modification where nodal forces of a failed element are modified to reflect the 
general state of damage and loading. It was found that the EFM does not contain any 
of the drawbacks associated with the traditional material property degradation 
method (MPDM). For example, unlike the MPDM, the material stiffness properties 
of a failed element are not altered in the EFM. Thus, there is no ill-conditioning of 
the stiffness matrix in the EFM which implies that the convergence of a solution is 
always guaranteed. There is also savings of computational efforts for the EFM since 
there is no need to reformulate the global stiffness matrix during the damage 
progression process. 
 
Coupled with a micromechanics-based strain invariant failure theory (SIFT), the 
EFM is used for the first time in this thesis to predict damage progression process in 
composite laminates under quasi-static load. A two-dimensional finite element code 
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implementing the two methods is developed in Chapter 3 and applied in Chapter 4 
to predict damage pattern for a [ 33333 0/90/0/90/0 ] composite laminate under a 
quasi-static three-point bend load. Experiments were performed to obtain actual 
damage progression patterns and load-displacement curves. It was found that the 
damage progression pattern obtained with the use of EFM and SIFT agrees well 
with the experimental observations. Parametric studies on SIFT also showed that the 
damage prediction by SIFT is reasonably robust to a variation of ±  18% of the 
critical strain invariant values, where damage prediction is found to be the most 




Using SIFT as the common failure criterion, the results obtained with the EFM are 
compared with those generated by the traditional MPDM. It was observed that the 
damage pattern generated from the use of the EFM with SIFT correlate well with 
experimental observations while those generated from the use of the MPDM with 
SIFT correlate poorly. Thus, for the three-point bend problem studied herein, the use 
of the EFM with SIFT is found to be a more suitable combination for mapping 
damage initiation and propagation in composite laminates.  
 
Finally, in Chapter 5, the major differences between the EFM and the MPDM are 
addressed further by examining the finite element formulations of the two methods. 
From the relationship between nodal forces and material stiffness properties, it was 
found that the EFM is able to reproduce the results obtained with the MPDM, while 
the converse is not true in general. This, together with the advantages of the EFM 
Chapter 6: Conclusions 
 
Modeling Damage in Composites Using the Element-Failure Method 128 
over the traditional MPDM, makes the EFM a more general and versatile method to 
account for local damage in composite laminates. 
 
 
6.2 Possible Future Work 
 
The following recommendations are proposed: 
 
1. The FE code developed in this thesis is based on 2-D conditions. This is 
acceptable because the damage progression pattern for the three-point bend 
problem studied in this thesis does not vary much in the transverse (third) 
direction. It is recommended that the code be extended to 3-D conditions to 
handle problems where the transverse component could be important or to 
study the effect of delamination in detail. 
 
2. A conservative nodal force modification scheme for the EFM is used in the 
three-point bend problem studied here whereby the x-component of nodal 
forces is zeroed. Although the damage prediction obtained agrees well with 
the experimental results, a more sophisticated nodal force modification 
scheme for EFM is necessary to address more complicated problems. It is 
recommended that such a scheme could include the use of damage 
parameters to quantify the appropriate amount of nodal force to be reduced. 
The scheme can also include the use of a damage vector to indicate the 
direction of nodal force to be modified.  
Chapter 6: Conclusions 
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3. In the FE code developed in the thesis, the strains of each finite element are 
evaluated at integration points ( 22x ) and averaged to represent strains at the 
centroid of the element. Once the element is failed, all its nodal forces are 
modified by the EFM by equal proportion. For future work, the amount of 
nodal force modification to be assigned to individual nodes may be 
dependent on the integration point that has failed. For example, for an 
element with strains evaluated at integration points ( 22x ), only the nodes 
nearest to the “failed” integration point will be modified by the EFM. 
 
4. For this current project, the nodal forces of all failed element are modified to 
represent the same state of damage despite new elements being failed as 
damage progresses. This implies that damage accumulation is not addressed 
locally within the elements. This is an issue with partially-failed elements. 
 
5. The EFM has been applied to model damage in composite laminates under 
quasi-static load. For future work, it may be applied to model damage effects 
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Appendix B. Constitutive Relations 
 
 
In a three-dimensional Cartesian coordinate system, the state of deformation can be 
described by six components of strain and stress, namely, three normal and three 
shear components. A linear relation between the six components of stresses i  and 
strains j  is known as the generalized Hooke’s law, and this is given as 
 
)6,...,2,1( == kC jiji  (B-1) 
 
where ijC  are known as the stiffness coefficients.  
 
 







































































































where the single subscript notation for stress and strain components is based on the 
convention 
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236135124333222111 ,,,,,  ======  
236135124333222111 ,,,,,  ======  (B-2) 
 
 
In the case of fiber-reinforced composite which is generally orthotropic in nature, 













































































































where the stiffness coefficients ijC  may be expressed in terms of nine engineering 
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